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Abstract. There are two main approaches to the problem of reahzing a 11- algebra 
(a graded group A equipped with an action of the primary homotopy operations) 
as the homotopy groups of a space X. Both involve trying to realize an algebraic 

^^ I free simplicial resolution G, of A by a simplicial space W,, and proceed by 

O^ ' induction on the simplicial dimension. The first provides a sequence of Andre- 

Quillen cohomology classes in iJ""*"^(A; f7"A) [n > 1) as obstructions to the 
existence of successive Postnikov sections for W, (cf. |DKSt2j ). The second gives 
a sequence of geometrically defined higher homotopy operations as the obstructions 
(cf. [Bll]); these were identified in [BJT2I with the obstruction theory of [DKSm2] . 
There are also (algebraic and geometric) obstructions for distinguishing between 
different realizations of A. 

P^ ' In this paper we 

■^^ . (a) provide an explicit construction of the cocycles representing the cohomology 

obstructions; 

(b) provide a similar explicit construction of certain minimal values of the higher 
homotopy operations (which reduce to "long Toda brackets" ) , and 

(c) show that these two constructions correspond under an evident map. 
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Introduction 



Secondary and higher order operations are often used in homotopy theory either as 
obstructions to resolving existence problems, or as computational tools. In the 1950's, 
Adams used secondary cohomology operations in [Ad] to show the non-existence of 
elements of Hopf invariant one in the stable homotopy groups of spheres; at the same 
time, Toda employed his secondary compositions (Toda brackets) to calculate some 
K> ! of these homotopy groups in ^Toj. Higher homotopy and cohomology operations have 

H I since been applied in many areas, including i7-spaces, rational homotopy, and stable 

homotopy theory (cf. [Bat IHat [Spf ITaj). 



To make sense of the general notion of a higher order operation, note that many 
of the homotopy invariants of algebraic topology, such as homotopy or (co) homology 
groups, carry a further primary structure, definable in the homotopy category itself. 
For example, the homotopy groups of a pointed space X have Whitehead products 
and composition operations, which together make n^X into a U- algebra (see §1.11 
below). Similarly, the mod p cohomology of X has the structure of an unstable 
algebra over the Steenrod algebra (cf. ^cl §1-4]), and the stable homotopy groups of 
a commutative ring spectra form a graded commutative ring. 
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The appropriate higher order operations (such as Massey products or Toda brack- 
ets) form a higher structure superimposed on the primary one: they are usually de- 
fined only when certain lower-order operations vanish. General higher homotopy op- 
erations were defined in |BMt IBC] to be certain obstructions to rectifying homotopy- 
commutative diagrams X : F — )■ hoA^. Here A^ is a pointed simplicial model 
category and F is a finite directed indexing category called a lattice (cf. §3.6p . In 
|BJT2] . we show how this obstruction theory may be identified with that of Dwyer, 
Kan, and Smith (cf. |DKSm2j l 

0.1. Realization problems. One natural question which arises in this context is 
whether a given abstract (primary) algebraic structure - such as a Fl-algebra, an 
unstable algebra, or a graded ring - is in fact associated to some topological space 
or spectrum, and in how many ways. Such realization questions have a long history 
in algebraic topology (see |Hop[ [K| IStej for the case of cohomology). 

Here we consider the problem of realizing an abstract H-algebra A as the homotopy 
groups of a space X. To do so, we start with an (algebraic) free simplicial resolution 
G, of A. This can always be realized by a "lax" simplicial space W,, with each 
Wn homotopy equivalent to a wedge of spheres, where the simplicial identities hold 
only up to homotopy. If W, can be rectified to a strict simplicial space W,, then 
its geometric realization X := \\W,\\ has 7r*X = A, as required. 

There are two known approaches to solving this rectification problem (and thus the 
original realization problem): 

I. The "geometric" approach proceeds by induction over the skeleta of W,, 
yielding obstructions to the successive rectification problems in the form of 
higher homotopy operations (see [Bill IB12] ). 
II. The "algebraic" approach of Dwyer, Kan, and Stover constructs inductively 
two sequences of Andre-Quillen cohomology obstructions: one sequence for 
the realization of A, and the other for two such realizations X and Y to be 
homotopy equivalent. 

More explicitly, the second approach uses successive Postnikov approximations 
W, to the putative simplicial space W, to define two Andre-Quillen cohomology 
classes: 

(a) An existence obstruction /3„ G H"'^'^{A;Q"'A), which vanishes if and only if 
W, extends to an (n + l)-Postnikov section W, . 

(b) A difference obstruction 5„ G if"+^(A; f2"A), for distinguishing between 
possible extensions W, . 

See |DKSt2t IBDG] for further details, with additional variants in |BJT1] . 

A different version of this theory allows one to determine whether a graded com- 
mutative ring R^: is isomorphic to 71^,3 for some commutative ring spectrum 5* (see 
|GHj ). We note, however, that the main application of this theory (see [G]) relies on 
a large scale vanishing of relevant Andre-Quillen cohomology groups, which of course 
guarantees vanishing of the obstructions. The approach we describe here character- 
izes the obstructions directly, and more explicitly. We hope that this will open the 
door to addressing a broader range of realization questions using these techniques. 
For a simple example, see ^ 
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0.2. Main results. The aim of tliis paper is to make explicit the close connec- 
tion between these two approaches, by showing that the higher homotopy operations 
correspond in a systematic way to the Andre-Quillen obstruction classes. 

For this purpose, we first study Andre-Quillen cohomology for general universal 
algebras, showing how it can be calculated using a cochain complex, and providing 
an explicit description of the A;-invariants of a simplicial algebra (see Proposition 12.41 
and Corollary 12. 141 below) . 

The n-th existence obstruction /3„ mentioned above is in fact the fc-invariant 
for the simplicial Il-algebra n^W, , so we can use this description to analyze /3„. 
We then explain how essentially the same inductive process for realizing A (now 
using simply a truncated simplicial object V, , rather than a Postnikov section) 
has another obstruction theory in terms of higher homotopy operations, which are 
subsets ((^E'o"*'^)) of [\/^n+2 I]'^Vn+2, Vq]. After defining a natural correspondence 

homomorphism $„ : [V^"+2 S"Fn+2, Vq] -^ i^"+^(A; ll^+^A) in ^H we construct 
certain natural minimal values in ((\E'q"^^)) and prove: 

Theorem A. The homomorphism $„ maps each minimal value of {{'^q'^'^)) to the 
corresponding Andre-Quillen obstruction /3„ to realizing A, so if the minimal value 
vanishes, so does f3n- Conversely, if the cohomology obstruction (3n+i associated 
to the next step vanishes, so does {{'^q'^'^)). 

[See Theorem 16 . 1 1 1 and Corollary 16. 12] . 

Next, we also provide an explicit description of the cohomological difference ob- 
structions 6n for distinguishing between inequivalent {n + l)-Postnikov sections 
V, and V, of resolutions of A. We use the same formalism employed in con- 
structing ((^E'o^ )) to define a corresponding higher homotopy operation difference 
obstruction (((iQ,c^o)) i^ [^"^"^^,1+2,^0], with its own minimal values, and show: 

Theorem B. The correspondence homomorphism maps a minimal value of ((Jq, d!^)) 
to the Andre-Quillen obstruction 5n- 

[See Theorem 17. llj . 

As an application, we use this theory to show that for any connected graded Lie 
algebra A over Q, there is a branch of the obstruction theory for which all cycles 
representing the Andre-Quillen obstructions /3„ to realizing A vanish (see Proposition 
18. II below). From this we recover the well-known fact, due to Quillen, that any simply- 
connected rational Il-algebra is realizable. 

0.3. Notation and conventions. The category of topological spaces is denoted by 
T, and that of pointed connected spaces by %. For any category C, sC := C^°^ 
is the category of simplicial objects over C. We abbreviate sSet to S and 
sSet* to 5*; Sl'^'^ denotes the category of reduced simphcial sets. The constant 
simplicial object on an object X G C is written c{X) e sC, and the n-truncation 
of G, G sC (forgetting Gi for i > n) is denoted by r^G,. The n-skeleton 
functor is left adjoint to the truncation functor r„. However, we reserve the notation 
sk„ : sC — 7- sC for the composite of the n-skeleton functor with r„. The n-coskeleton 
functor csk„ : sC — ?■ sC is right adjoint to sk„. 
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We denote by Sp the category of groups, by AbQp that of abehan groups, and 
by Spd that of groupoids. When A is an abehan category, Gh{A) denotes the 
category of (non-negatively graded) chain complexes over A. 

If (V, ®) is a monoidal category, V-Gat is the collection of all (not necessarily 
small) categories enriched over V (see [Bor[ §6.2]). For any set 0, denote by 0-Gat 
the category of all smaU categories V with Obj V = 0. A (V, 0)-category is a 
category V G 0-Gat enriched over V, with mapping objects mapx)(— , — ) G V. The 
category of all small (V, 0)-categories will be denoted by (V, 0)-Gat. The main 
examples of (V,®) we have in mind are (iS, x), (iS=k,A), and {9pd,x). 

Note that because the Cartesian product on S (and the smash product on 5*) 
are defined levelwise, we can think of an {S, 0)- or {S^:, 0)-category as a simplicial 
object over 0-Gat - that is, a simplicial category with fixed object set in each 
dimension, and all face and degeneracy functors the identity on objects. 

0.4. Organization. In Section [1] we provide some background on Ilyi-algebras and 
the related resolution model categories used in this paper. In Section [2] we prove 
some basic facts about the cohomology of (graded) universal algebras. Section [3] 
discusses rectification of homotopy-commutative diagrams, and the higher homotopy 
operations which appear as the obstructions to such rectification. Section H] analyzes 
the Andre-Quillen cohomology existence obstructions to realizing a Ilyi-algebra A, 
and Section [5] defines the higher homotopy operation version of these obstructions. 
In Section [6] we describe certain minimal values of these higher homotopy operations, 
and prove Theorem 16. Ill Section [7] shows how the difference obstructions (both 
cohomological and higher homotopy operation versions) may be treated analogously, 
yielding Theorem I7.11[ Finally, Section [S] briefly discusses rational homotopy theory. 

0.5. Acknowledgements. This research was supported by BSF grant 2006039. The 
third author was supported by a Calvin Research Fellowship (SDG). 

1. Model categories 

This paper deals primarily with homotopy theory of pointed connected topological 
spaces, with the usual homotopy groups. However, some of the results hold more 
generally, so we now introduce axiomatic descriptions of some more general settings. 

1.1. Definition. Let A^ be a pointed simplicial model category (cf. |Q1[ II, §1]), so 
that for every simplicial set K and X & Ai we have a object K^X in A^. In 
particular, we call S^®^ the half- suspension of X, and by choosing a basepoint pt 
in S^, we define the n-fold suspension E"X to be (S"(§)X)/({pt}®X). Thus for 
X e %, we have K^X =\K\xX := {\K\ x X)/{\K\ x {*}), so S"X := jS'^l A X. 
Now let ^ be a collection of homotopy cogroup objects in Ai (sometimes called 
spherical objects). For any object Y & Ai, its A-homotopy groups are nfY = 
i'Tc:^Y)AeA,nmi where tt:^Y := [S"A, F]_v!- A map f : Y ^ Z in A^ is called 
an A- equivalence if it induces an isomorphism in vr;*. We denote by Uji the full 
subcategory of Ai whose objects are finite coproducts of suspensions of elements 
of A. A product-preserving functor A : II^'^ — )■ Set* is called a Uji-algebra, and the 
category of such is denoted by Uji-Alg. When we wish to emphasize the dependence 
on A^, we call these U-^ -algebras, and denote the category by U-^-Alg. We write 
A{B} for the value of A at an object B G Ha- We denote by AiA the smallest full 
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subcategory of Ai containing A and closed under suspensions, arbitrary coproducts, 
and weak equivalences. 

When Ai = Sl^'^ (or %) and A := {5*^} these are called simply 11- algebras, 
and the category is denoted by U-Alg (cf. [StoJ). 

1.2. Example. The canonical example of a Hyi-algebra is a realizable one, denoted 
by nfX, and defined for fixed X e M by A h-). [A,X]i,om for all A G Ua- 
This defines a functor 7r;f : ho A^ — )■ Ua-AIq. Thus when A = {S^}, so U^-Alg = 
U-Alg, a realizable H-algebra consists of the sequence of groups vr^X, equipped with 
the action of the primary homotopy operations on them (compositions. Whitehead 
products, and action of the fundamental group). This is called the homotopy 11- 
algebra of X. 

1.3. Definition. Let B be an FP-sketch, in the sense of Ehresmann (cf. ^) - that 
is, a small category with a distinguished collection V of products. A Q-algebra is 
a functor A : B — )■ Set which preserves the products in V. We think of a map 
: nr=i '^i ^ Hjli bj ^^ ^s representing an m-valued n-ary operation on B- 
algebras, with gradings indexed by (a^)^^^ and (6^)^]^, respectively. 

The category of B-algebras is denoted by Q-Alg. If Obj (B) is generated under 
the products in P by a set 0, there is a forgetful functor U : Q-Alg — )■ Set into the 
category of 0-graded sets, with left adjoint the free Q-algebra functor F : Set — )• 
Q-Alg. 

1.4. Example. The main type of B-algebras considered in this paper are those with 
B = n^'', = A, and V the set of finite coproducts of objects in A. Note that 
these are products in 11^''. 

In particular, let Hi denote the homotopy category of finite wedges of circles: that 
is, the full subcategory of ho 7^ with object set {ViLi S^}'n=o- Then (5 := 11°'', 
with P = Obj (0), is the theory representing groups - that is, &-Alg is naturally 
equivalent to 9p- Similarly, 0^ represents M-graded groups. 

We define a &- theory to be an FP-sketch B equipped with an embedding of sketches 
00 <^ 0^ for as in §1.31 In this case, any B-algebra X has a natural underlying 
0-graded group structure. We do not require the operations of a 0-theory to be 
homomorphisms (that is, commute with the 0-structure). 



1.5. Definition. As in [Bej or |Q3[ §1], we define a module over a B-algebra A to be 
an abelian group object p : /C — )■ A in Q-Alg /A. Note that G B.om.e.Aig/A{-A, M) 
then provides a section for the structure map p. If for each v E we let /C^, := 
{x G lC{v) : p{x) = 0}, then K.^ has an abelian group structure induced from that 
of /C — )■ A, and for each f : u ^ v in B we have a homomorphism of abelian 
groups /* : /Ct, — )■ /Cu. Thus /C is completely determined by the restricted module 
functor /C : B — 7- AbSp- We denote the category of restricted modules by A-JAod, 
with K, ^-^ K, defining an equivalence of categories (B-^/f7/A)ab — ?■ A-Mod. 

1.6. i?emarA;. The identification of the half-suspension S"(8)y4 with T,"'A\/ A for a 
homotopy cogroup object A (cf. |BJ] ) makes [S"(i)A,F] into a module over ttqY 
in the sense of §1.51 This allows us to think of T^n^ '■— [S"A, Y] itself as a restricted 
TTj^F- module. 
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Moreover, for any Hyi-algebra A, we may define an abelian Hyi-algebra QA by 
setting (r2A){74} := A{Sy4}. This has a natural structure of a restricted A-module 
(see |DKSt2l §9.4], and compare jBBTl §1.11]). 

1.7. Resolution model categories. Let A^ be a pointed, cofibrantly generated, 
right proper simplicial model category, equipped with a collection A of homotopy 
cogroup objects. The category sAi of simplicial objects over Ji4 has a resolution 
model category structure, in which a map / : W, — )■ V, in sAi is a weak equivalence 
if and only if the induced map of simplicial groups /# : tc^W, — )■ n^V, is a weak 
equivalence for each A E A and n > 0. See [Bouj and [J] for further details. 

Moreover, sA^ has its own simplicial structure (sA^,®) (cf. |Q1[ II, §1]), and 
thus has a set of spherical objects: (S"(g)c(EM))/({pt}(g)c(SM)) for AeA;i,neN. 
The natural homotopy groups of a simplicial object X, G sAi are defined by 
vr;. A^. := [S" ® ^'A,X.Im for A e A. Setting vr^X. := {nl^^^X^UeAAem it 
may be shown that vr^X, has a natural Ilyi-algebra structure (see |DKSt2l §5]). 

To describe some basic constructions in sAi, recall that the n-th Moore chains 
object of a Reedy fibrant simplicial object X, is defined: 

(1.8) C„X. := n^^i Keiidi : X„ ^ X„_i} , 

with differential d^' = 9„ := ((io)|c„x.: C„X, — )■ C„_iX,. The n-th Moore cycles 
object is Z„X, := Ker(9;f*). 

It turns out that under mild assumptions on Ai the inclusion l : C^+iX, ^-)- X^+i 
induces an isomorphism 

(1-9) ti, : TT^ C„+iX, -> C„+i7r^X, 

(see [Sto| Lemma 2.7] or jB13t Prop. 2.7]), which fits into a commuting diagram of 
Hyi-algebras with exact rows: 



(9^+i)* a^ ^^ ^n 



Trf C„+iX. ^ > vrf Z„X '-^ < X. 



:i.io) 



n + 1 



t* 



^n 



^n+1 



vr.X.) > Z„(7rf X.) — ^ vr„(7rf X. 






This defines the Hurewicz map /i„ : tt^X, — t- 7r,„7r;fX, in the spiral long exact 
sequence of ^l-graded groups: 

... ^ fi7r^.iX. ^ <X. ^ 7r„7r::^X. ^ 

-^fi^.aX. -^ ... ^ TT^X. ^ TTiTT^X. 



s iiiuuucu uj* Liic uuiiiicuiiiig iiuiiiuiiiui piiioiii Hi r 

for the fibration sequence in Ai: 



(cf. |DKSt2l 8.1]), where Sn is induced by the connecting homomorphism in ttI 



(1.12) Z„X, — > C^X, — 7- Z„_iX, . 

1.13. Example. When At = % and A = {S^}, the resolution model category of 
simplicial spaces is the original £'^-model category of |DKStl] . 

1.14. Remark. If B is a 0-theory ( §1.4p . the monogenic free G-algebras constitute 
a collection A of (strict) cogroup objects in Al = Q-Alg (with the trivial model 
category structure). Since maps between free 0-algebras represent the operations 
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in G, in this case a H^-algebra may be identified with a G-algebra, so there is a 
canonical equivalence of categories U-^^-Alg ~ Ai. This applies in particular to 
= n^ itself, so that U^-^'^^^-Alg ^ Ua-AIq. 

In this case, the resolution model category structure on sQ-Alg is Quillen's model 
category for simplicial universal algebras (cf. |QH II, §4]), and vr^G, is the graded 
group TinG,, equipped with a natural 9-algebra structure. Any G, G sQ-Alg for 
which each On is free, and the degeneracy maps take generators to generators, is 
cofibrant. 

1.15. ii^^-model categories. If A^ is a pointed model category as in §1.71 with a 
collection of spherical objects A ( §l.ip . the resolution model category sA^ is called 
an E'^-model category if it is equipped with: 

(a) A functorial Postnikov tower of fibrations (in sM) for each W, G sM.: 

. . . ^ p"vr. ^^ v'-^w, - — > — > v^w, , 

equipped with a weak equivalence r : Z — )• P°°iy, := lim„P"VF,, as well 
as fibrations r*^") : V^W, — )■ P"VF,, such that p*^"-* and r*^") induce 
ismorphisms in tTj for i < n, and tTj P"iy, = for z > n. 

(b) For every n;^-algebra A, there is a functorial classifying object BA G sAi, 
unique up to homotopy, with BA ~ P^i^A and ttq BA = A. 

(c) Given a n;^-algebra A and a A-module K, for each n > 1 there is a functorial 
fibrant Eilenberg-Mac Lane object E = Ej>^{K,n) in sAi/BA, unique up 
to homotopy, equipped with a section s for {r^^^ or) : E ^ P^E ~ BA, such 
that Tc'^E = K as a A-module, and tt-^E = for 1 < i y^ n. 

(d) For every n > 0, there is a functor that assigns to each W, G sAi with 
ttq W, = a a homotopy pull-back square: 



r,(" + l) 
'" + lVr, > P"Vr. 



PB 



(1.16) 

BA > ^A(ii W.,n + 2) 

(in sA^) with /:;„ the n-th k-invariant for P^,. 
(e) A realization functor J : sAi — )■ A^, such that, for A G n;^-yi/5f and 
cofibrant X, G sAl, if vr;fX, ^^ BA is a weak equivalence in sn;^-/l/5f, 
then there is an isomorphism: 

(1.17) [A, JX.]m 4 Rom^^_j,ig{7rfA, A) , 

natural in A and A E A. 

1.18. Remark. In all the cases we are interested in, the coskeleton csk„+i W, ( §0.3p 
provides the functorial Postnikov section P"M/, for Reedy fibrant simplicial objects 
W, G sM (cf. [mEl §15]). 

1.19. Examples. The two main E'^-model categories we have in mind are: 

(1) A4 = % or 5*, with A = {S^}. In this case J is the usual realization 
functor, and (I1.17P follows from the collapse of the Bousfield-Friedlander 
spectral sequence (cf. |BFt Theorem B.5]). 
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(2) M. = Q-Alg, the category of 9-algebras for some (S-theory 9, as in §1.14[ 
and A the monogenic free 9-algebras. Here JX, := tiqX, (so nfX, ^ BK 
is a weak equivalence in sIl/^-Alg ~ sAA as above if and only if e : X, — > A 
is a resolution), and the isomorphism fll.l7p is induced by e. 

For further examples, see [BJTll §3]. 

1.20. Definition. Let A^ be a pointed model category. A simplicial object G, G sM. 
is called a CW object if: 

(a) for each n > there is an object G„ G A^ such that G„ = G„ 11 L„G,. 
Here 

(1.21) L„G. := U W Gu 

0<k<n 0<ii<...<i„_ii.^i<n—l 

is the n-th latching object of G,, in which the copy of Gk indexed by 
{ii, . . . , in-k-i) is in the image of Si^^^^^ . . . Si^Si^. 

(b) There is an attaching map d^ " : Gn — ?■ Gn-i with dj o Jq " = for 
0<i<n — 1, or equivalently, d^" factors through Z„_iG, C G„_i. 

(c) The face maps of G, are determined by the simplicial identities and the 
requirement that ((io)lG — ^o" ^^^ i'^i)\G ~ ^ for 1 < i < n. 

The collection (G„)J^q is called a CW basis for G,. 

When ^ is a collection of homotopy cogroup objects in A^, G, — )► X is a cofibrant 
replacement in the resolution model category structure on sAi determined by A, 
and each G„ in a CW basis for G, lies in J^ji ( §1.11) . we call G, a CW 
resolution of X. 

1.22. Remark. The category of (n + 2)-truncated CW objects V, in A^ is 

equivalent to the category of pairs consisting of an {n + l)-truncated CW object 

VJ"+^^ and a map 4"+' : Vn+2 ^ Z„+iW"+^^ given such a pair (V., 4"+'), 
we obtain a (n + 2)-truncated CW object by setting y„+2 := V"„+2 ]J L„+2V',, with 

(o?o)li7„ 2'~^o"^^ ^^*i idi)\v„ 2~ ^ ^°^ i > 0. The degeneracies are given by the 
obvious inclusions into L„+2K, and the face maps on L„+2K are determined by 
the simplicial identities. 

When A4 := Q-Alg, one can use this method inductively to construct a free 
CW- resolution of a 9-algebra A (with each Vn+2 free). 

2. COHOMOLOGY OF 9-ALGEBRAS 

In this section we recall the definition of Andre-Quillen cohomology for simplicial 
9-algebras, provide a cochain description for their cohomology, and give an explicit 
construction of their /c-invariants. Although most of the results are valid more gen- 
erally, for simplicity we restrict attention to the case where the 9-algebras have an 
underlying group structure. 

2.1. Definition. Let j^ be a collection of spherical objects in a pointed model category 
A4, such that the resolution model category sAl is an ii^^-model category ( §1.15p . 
Assume given a H;^-algebra A, a A-module /C, and an object W, G sAi equipped 
with a twisting map t : tTqW, — ?■ A. We use t, along with the natural map W, — )■ 
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BttqW,, to think of W, as an object in sAi/BA. Following |An[ Q3 , we define 
the n-th cohomology group of W, with coefficients in K, to be 

HI{W,]1C) := [W„EAiK:,n)]sM/BA = TTomap.^/j^^iW,, EAiJC^n)) , 

where the last mapping space is defined by the (homotopy) pullback: 

t^^PsM/ba{W„ Ea{JC, n)) y m&p^^{W„ Ea{IC, n)) 



(0) 



(Pi5A(K,n)), 



->map,^(iy.,5A) 



{BtopZ}> 

Typically, we have A = vrj^VF,, with t an isomorphism; if in addition W, ~ BA, 
we denote Hl{W,;IC) simply by H^'iA^K). 

2.2. Definition. There is also a relative version, for a pair (VF,, Y.) - that is, a 
cofibration i : Y, M- W, in sM. - with /C a A module and t : vrj^Y, — )■ A a 
twisting map as before. Let VO{W,,Y,) denote the (homotopy) pushout in sA4 
of: 



^W. 



Y, 



Btt^Y, >VO{W.,Y,) . 

We define Ha{W,,Y,;}C) to be the group of homotopy classes of maps / : 
VO{W„Y,) -^ (EA(/C,n), 5A) in sM/BA fitting into the commutative di- 
agram: 

Y, '- >W. 



Bn^Y. ^VOiW„Y, 



BA 





>^A(/C,n) 



(see [DKSmll §2.1]). 

2.3. Remark. Let 6 be a 0-theory and M = &-Alg, so U^-Alg ^ M (cf. gTH]). 
The constant object c(A) is a fibrant model for BA, so sM./BA = s{M./ A). 
In particular, this implies that s((A^/A)ab) may be identified with the category 
(sA^/i?A)ab of abelian group objects in sAi/BA, with abelianization functor 
AbA : {sM/BA) -^ (sA^/5A)ab defined dimensionwise (cf. [Ml §3.20]). 

2.4. Proposition. Let Q be a &-theory and A^ = Q-Alg. For any A E M., 
A-module JC, cofibrant W, G sAi and twisting map t, we have maps 



c 



/T^ jxr -J^'\ "n. 



Y{ovsisM/BkiW,,EA{fC,n)) ^ Home/i(A.Mod)(C*M/,,-Ej ^ HomA(C*^6ApV„ /C) 
which are natural in W,, and induce an isomorphism 

Hl{W,; K) = H'' HomA(C,^6AW"., /C) 
for each n > 0. 
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Proof. Step I. First, we show how H^{W,;IC) may be described in terms of a 
mapping space of chain complexes: 

Since E := -E'a(/C, n) can be chosen to be a strict abehan group object in sAi/BA 
(see [BJTlt §3.14]), we have a natural identification: 

map,^/BA(iy., E) ^ map(,^/B^)^^(^6AW^., E) . 

Recall that the Moore chain functor C* : s(A^/A)ab — > C^((A^/A)ab) induces the 
Dold-Kan equivalence between simplicial objects and chain complexes over an abelian 
category (cf. [Dl §1]). Composing with the equivalence (A^/A)ab — > A-M-od of §1.51 
defines C* :£(A^ /A) ab^ e/i(A-Morf). _ _ 

Applying C^, to the simplicial A-module Ab\W, yields D^ := C^Ab^W,, with 

(2.5) map,^/5^(iy., E) ^ mape^(A_M„^)(D„ C^E) , 

so applying ttq yields the required cohomology group. 

Step II. We now translate this into chain function complexes: 

Both sides of (12. 5p are simplicial abelian groups, so we can replace the right 
hand side under the Dold-Kan equivalence with the usual mapping chain complex 
F^, := Hom(D*, C^,E), where 



Hom(= 



){D^,C^E) and Fi := Home/i(A-Mod)(-D*, PC*E) 



ie?t(A-Mod) \ 

for PC^E the path object on C^^E. Moreover, the differential c^i : Hom ^ — > HohIq 
is induced by the path fibration p : PC:tE — )■ C^E. 

Since (12. 5p induces an identification: 7romapg^/g^(iy,, -E) = iJoHoni(-D*, C*i?), 
we have a right-exact sequence: 

(2.6) Romeh^A.Mod)(D.,PC,E) ^ }lomehiA-Mod)(D,,C,E) ^ Hl{W,;]C) ^ 0. 

Here p : PC^E — )■ C^E has the obvious minimal model: 



>0... 



(2.7) 



-E* 
dim 




since HiC^E = HiC^E = ttiE, which is /C for i = n and otherwise (note that 
A = 0!). 

This means that we can choose a cofibrant model E^ for C^,E fitting into a 
span - that is, a commuting diagram: 



(2. 



PC.E^ 



C,E^ 



C 



PE 



E' 



->P* 



V -r^ 



>F* 



The horizontal weak equivalences (, t], P(, and Pr] induce a span of quasi- 
isomorphisms from (12.61) to 

e/i(A-Mod)(-D*,P*) ^ Home/i(A-Mod)(-D*,-E*) — » H^{W,;IC) 



(2.9) 



Hom, 
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which are both the identity on H^{W,; /C). 
Step III. Finally, we produce a commuting diagram: 



11 



Hom, 



^=7 X 1 



eh{A-Mod) 



{D^,P^) — ^Hom, 



(2.10) 



/3 



D 



■n-l 



<9«r 



->Z"D 



where the dual cochain complex D is defined by applying }iom.Qh{A-Mod){—,!^) 
dimensionwise to D^, and Z^D are its n-cocycles: 

To describe a, note that a chain map / in Home/i(A-Mod)(-D*, P*) is given by a 
commuting diagram: 



9n + l dn d„-l 

. . . D^+i > Dn > Dn-l > 



'n+1 







Ipodn 



->/c 



->/c 



->o, 



so that a(/) := ip. 

Similarly, a chain map g in Homeh(A-Mo(i)(-D*; -E'*) is given by a commuting 
diagram: 

dn + l dn dn-\ 

. . . Dn+l > Dn > Dn-l > ' ' " 



...0 



->/c 



->o 



with [5{g) := 0; indeed, [5{g) G 7/^D since o dn+i = 0. 

Since f l2.10p clearly commutes, and the cokernel of the bottom map is H^D 
we conclude from (12.91) that: 

HI{W,-1C) = H''{mmi,_uod{C.AhKW.X)) = i/"(Hom^/A(C,^6Al^., /C)) , 



again using the equivalence of categories A-Moc? f^ (A^/A)ab of §1.5[ and the fact 
that /C is an abelian group object in A^/A. D 

2.11. Lemma. Under the assumptions of Proposition ^K^if W, has a CW-basis 
{Wn)'^=o ( ^1.20\) . then for each n > the natural map Wn — )■ C„716aW^. induces 
an isomorphism 

RomA{CnAbAW„}C) -^ Hom;K(W„,:^) . 

Proof. Let Sj(n) : Wq — )■ Wn be the unique iterated degeneracy map, making Wq 
a coproduct summand in L„W, = L^W, 11 Wo, where by (11.211) . L^VF, is a 
coproduct of the images under various iterated degeneracies of (copies of) the basis 
objects (iy,)rr^ 

Since the structure map Wn — )• A for W, — )■ A factors though the retract Wn — )■ 
Wq for Sj{n), in fact Wn ^ A is a coproduct in M/A of : Wn 11 L'^W, -> A 
and e : Wq — )■ A, where the first summand further splits as a coporoduct of objects 
of the form : IV, -> A. 
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Because the abelianization functor Ab/\^ : A^/A — ?► (A^/A)ab is a left adjoint, it 
commutes with coproducts, and when apphed to : A — )■ A yields : AbA — )■ A, 
where Ab : Ai — ?■ A^ab is the usual abelianization of 0-algebras. 

AbAWn =AbA{Wn U U^W,) Ua AbAWo ^ {AbWn n AbL'^iW,)) Ha AbAWo 

^{AbWnUL'^{AbW,))UAAbAWo = AbWn Ua LniAbAW,) 

where the last coproduct is actually the direct sum 

(2.12) AbWn © Ln{AbAW,) 

in the abelian category (A^/A)ab, and all the abelianizations are applied dimen- 
sionwise (cf. §2.3p . 
This implies that 



(2.13) 



CnAbAW, ^ NniAbAW,) = AbAWn =AbWr. 



since over the abelian category (A^/A)ab the Moore chains C* can be identified 
with the normalized chains N* : s(A^/A)ab — ^ C^((A^/A)ab), where by definition, 
NnA. = An/LnA, ioT A._^ s(Al/A)ab_(cf. dZHD and iDi (1.12)]). 

The abelianization AbAWn of : Wn — ^ A, is just : AbWn — ^ A, where 
AbWn has a trivial restricted A-module structure (cf. §1.5p . Therefore maps into 
(p : /C — 7- A) (over A) factor through Kerp =: /C. Applying HomA(— ,/C) to 
( 1213]) thus yields: 

HomA(C„yi6AW^., /C) = RomAiAbAWn^lC) ^ RomA-ModiAbWnX) 

^ RomM^MbWnX) = HomMiWnX) , 
as required. D 

Combining Lemma [2.111 and Proposition 12. 4[ we have: 

2.14. Corollary. For W, as above, every cohomology class in H'jl{W,; IC) is 
determined by a map of Q-algebras : Wn — )■ /C- 

Notice the map : Wn -^ JC represents zero in H2^{W,; /C) if and only if there is 
a commuting diagram in Ai: 




>A . 



2.15. Description of ^-invariants. Let /C, G sAi for Ai = Q-Alg as above, 
with P"/C, its n-th Postnikov section. Recall from (I1.16P that the functorial n-th 
k invariant A;„ G -ff""'"^(P"/C,; 7r„+i/C,) fits into a homotopy puUback square: 



)n+l 



(2.16) 



/C. -^ > P"/C. 

I 1 rxjti 

BA > EA{nn+ilC„ n + 2) 
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for A = ttq/C,. This is constructed as in jBDGt §6] by first taking the homotopy 
pushout Z of the upper left corner of (I2.16p . and then noting that p^^+^z ~ 
EA(7r„+i/C,,n + 2). 

We can represent fc„ for /C, by the map in M./ K: 

(2.17) h : (P"/C.)„+2 ^ vr„+i/C. 

which sends any {n + 2)-simplex a G (csk„+i lC,)n+2 to the class in vr^+i/C, 
represented by the matching collection of (n + l)-faces 

(rf;j+V, . . . , dlXla) C (csk„+i /C.)„+i = /C„+i . 

Note that this collection need no longer have an {n + 2)-dimensional fill-in in /C,, 
but it does represent a map from the boundary of an (n + 2)-simplex into /C,, and 
so an element of 7r„+i/C,. 

In forming the homotopy pushout, we actually replace the map p('^+^) which is 
the identity up through dimension n + 1, by a cofibration, by adding a fc-simplex to 
P"/C, for each non-unique filler of a matching collection of (n + l)-faces in P"+^/C, 
for k>n + 2. However, any matching collection in P"'"'"^/C, with a filler represents 
zero in 7r„+i/C, so this does not affect [6], while the above description remains 
valid otherwise. 

Since 7r„+i/C, is an abelian group object in M./ K for A = ttq/C,, the map h 
factors through the abelianization Ah\{P'^K,,)n+2i so we can apply Proposition 12.41 
to produce a cohomology class. 

3. Rectification of diagrams and higher homotopy operations 

Higher homotopy or cohomology operations have been studied extensively since 
they were first discovered over fifty years ago, but there is still no completely satisfac- 
tory theory that adequately covers all known examples and explains their properties. 
In the approach we take here, based on that of [BM] (as modified in [BCj ). they 
appear as "geometric" obstructions to realizing homotopy-commutative diagrams. 

3.1. The rectification problem. 

Let A^ be a model category, and V a small category. We start with a functor X : 
V — )■ ho A^, which we would like to rectify - that is, lift to a functor X : D — > A^. 

By definition, we can choose a function Xarr : ArrP — )■ ArrAl which assigns 
to each arrow cf) : a ^ h in "D a map Xarr(0) : X{a) — > X(h) representing 

X(0). Moreover, for each two composable arrows a — )■ 6 — )■ c in P we can choose a 
homotopy -ff(^,(/,) : Xa_„{ipoip) ~ Xarr('?/') oXa„(0). The idea is that if we can choose 
these homotopies compatibly, in an appropriate sense, then the diagram X can be 
rectified; and that higher homotopy operations arise as the obstructions to making 
such a choice. 

To make this precise, we need suitable function complexes for A4, in which to house 
the higher homotopies: we work here with the more familiar simplicial enrichment 
of Ai (although the cubical version is more economical) - more precisely, with the 
pointed version, enriched in S^,. 

In fact, we only need the mapping spaces between the objects of Ai which are in the 
image of X, so let A^o denote the (5=,,, 0)-category with object set := Obj V 
and map^ {0',b) '■= map^(Xa,X6). We always assume Xa is cofibrant and 
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Xb is fibrant. Thus the homotopy category ttqA^o of A^o may be thought 
of as a subcategory of the original hoA^, and we can replace X by a functor 
X : "D — 7- TToA^o- If we think of V as the constant (5*, 0)-category c{V), rectifying 
X is equivalent to lifting X to an (5,,, 0)-functor X : c(V) -^ JHq. 

In |DKlt §1], Dwyer and Kan define a simplicial model category structure on 
{S,0)-eat, also valid for {S„0)-eat (cf. jlfo^ Prop. 1.1.8]), in which the fi- 
brations and weak equivalence are defined objectwise (that is, on each mapping space 
X,{a, b)). Thus the above lifting problem can be stated in a homotopically meaning- 
ful way if we use a cofibrant replacement for c{V), and require M.q to be fibrant 
(which just means that each mapping space of A^o is a Kan complex). 

The cofibrant objects in (5*, 0)-Gat are not easy to describe, in general. However, 
a canonical cofibrant replacement for c{V) is given by the simplicial category FgV 
obtained by iterating the comonad FU : 0-Gat — )■ 0-Gat, where the free category 
functor F : Di9* — ?• Gat is left adjoint to the forgetful functor U : Gat — > T>iS* to 
the category of directed pointed graphs. 

A lift of X : V -^ TToMo to an {S^, 0)-functor X : FgD -)■ Mq is called an 
oo-homotopy commuting version of the original X, and by [BVt Theorem IV. 4. 37] or 
|DKSm2l Theorem 2.4], its existence is equivalent (in a homotopy- invariant sense) to 
solving the original rectification problem, in the case where Ai = % or 5*. 



3.2. The inductive process of rectification. Following |DKSm2] . we wish 
to construct such an cxo-homotopy commuting lift X of X by induction over the 
Postnikov sections (applied to each simplicial mapping space of the target category 
A4). For our purposes we need the relative version, in which C is a subcategory of 
the given indexing category D, and X\c has already been rectified. 

Let = Obj C and 0+ := Obj V, and note that the inclusion i : C "-^ V 
induces a cofibration Fgi : FgC ■=— )■ FsV in (5*,0+)-Cat (where we think of an 
(5*, (D)-category as an (5*, 0+)-category by extending trivially). Thus the following 
pushout in (5*, 0+)-Cat: 



F,C^^F.^V 



(3.3) 

c(C) ^Fs{V,C) 



is in fact a homotopy pushout (and the vertical maps are weak equivalences). 

We begin the induction with an (iS*, 0)-functor X : c(C) — )■ AIq) (a rectification 
of X|c), and a compatible (5^,, 0+)-functor Xq : F^I? — t- P°A^o^ lifting X, which 
together induce X° : F,{V,C) -^ P°Alo+- 
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Now assume by induction on n > that we can lift X° to X" ^ : Fs{V,C) 
P"~^A1o^, making the following diagram commute: 



(3.4) 



X 

Mo 



Fsi 



^FJ) 



F£ 



ciC) >Fs{V,C) 




-^Mc 



-> P'^-^M 



and our goal is to identify the obstruction to lifting X" ^ 



to X" : FsiV,C) -^ 



3.5. The Dwyer-Kan-Smith obstruction theory. Although (S^,, 0)-Qat (the 
category of simplicially enriched categories with fixed object set 0) is not quite a res- 
olution model category as defined here, Dwyer and Kan have shown that it has a no- 
tion of (5*, 0)-cohomology, represented by Eilenberg-Mac Lane objects £d(/C, n) in 
(5*, OyCat, defined much as in §2. II (if we replace Ilyi-algebras by {9pd, 0)-categories 
as the target of tiq throughout), including a relative version H^q(V,C; /C). 

We can thus use X"^^ to pull back the (n — l)-st fc-invariant kn-i : P"'^^Aio^ -^ 
£-p(7r„A^o+,n + 1) for A^o+) as in 01.16|) . to a map hn-i '■= kn^i o X"^^ : 



Fs(V,C) ^}- 8.g{nnMo^,n + l), and deduce that the map X" ^ lifts to X" if and 
only if [hn-i] vanishes in H^(^^{V,C;TTnMo^) (see [DKSm2l Proposition 4.8]). 



Our goal is to replace these (5*, 0)-cohomology obstructions by geometrically 
defined higher homotopy operations, which we can then identify in cases of interest 
with the Andre-Quillen cohomology obstructions of |BDG] . For this purpose, we must 
restrict attention to a more limited class of indexing categories V, defined as follows: 

3.6. Definition. A finite non-unital category F will be called a lattice if it has no 
self-maps and is equipped with a (weakly) initial object fmit and a (weakly) final 
object ffin, such that there is a unique 0max : vinn — ^ "Wfin- We say that F is pointed 
if it is enriched in pointed sets. In this case necessarily 0max = *• 

A composable sequence of n arrows in F will be called an n- chain. For any finite 
category F, the maximal occuring n is its length. When F is a lattice, this is necessarily 
for a chain from t>init to fgn, factorizing </)max- 

3.7. Example. The simplest pointed lattice of interest to us is the Toda lattice of 
length 3: 



^init 




>^fin 



3.8. Higher homotopy operations. Now let 2) = F+ be a (pointed) lattice, with 
objects 0+ := Obj F+, and C = T a subcategory of F+ with object set C 0+. 
We assume given a (pointed) diagram X : F+ — > hoA^ for an iS*-category M, 
which we wish to rectify as above. In the cases of interest to us 0+ \ will consist 
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of a single object (either t>init or t'fin), and the maps in r+ which are not in T 
will be (essentially) only zero maps. 

In the approach of |B]VHIBC] . we try to extend an [S^,, 0)-functor X : c{C) — ?■ A^o 
to X : Fs(r+,r) — ;■ A^o+ (see §3.ip . by induction over the skeleta of F5(r+,r). 
When A^o+ is fibrant, this is essentially the same as the induction in §3.21 since the 
fc-coskeleton functor is a (fc — l)-Postnikov section for a fibrant (5*, 0)-category. The 
obstruction to extending to the {k + l)-stage thus lies in a set of relative homotopy 
classes of (5*, 0+)-functors from (sk^+i F5(r+, F), sk^ Fs(r+, F)) to A^o+5 which 
are in general hard to describe. However, if n + 1 is the length of F+, then -Fsr+, 
and thus Fs(F_|_, F), is ra- dimensional, and in this case the last obstruction is adjoint 
to a wedge of maps T,"-'^ X (vi-ait) — ^ X{vfin) in Ai (see |BJT2t Proposition 3.21]). 
We then define the associated n-th order higher homotopy operation associated to X 
to be the collection of elements: 

((X)) C [S"-iX(t;i„iO, X(t;fi,)]ho^ , 

obtained in this way from all possible extensions of X to sk„_i F5(F_|_, F). Each such 
element is called a called a value of {{X)). 

In the cases of interest to us here, Ai is equipped with a collection A of homotopy 
cogroup objects and X(finit) is in J^ji ( §l.ip so {{X)) takes values in the 
yi- homotopy groups of X(t>fin)- 

In |BJT2t Theorem 4.14] the set {{X)) was shown to be equivalent (for P = F+ 
a lattice) to the set of (5*, 0)-cohomology classes appearing as the final obstructions 
to rectification in |DKSm2t Theorem 2.4] - with a particular cohomology class 
associated to each value of {{X)) in such a way that they vanish simultaneously. 

Note that the obstruction theory of |BMt IBCj is actually defined for A4 enriched 
in (pointed) cubical sets (rather than in S^), using Boardman and Vogt's W- 
construction instead of FgV (which is in fact a canonical triangulation thereof). 

4. The Andre-Quillen Cohomology Obstructions 

In this section, we study the Andre-Quillen cohomological existence obstructions 
to realizing an abstract Ilyi-algebra A, with a view to comparing them to the higher 
homotopy operation obstructions described in the next section. 

4.1. The general setting. Given an i?^-model category Ai ( §1.15p with a collection 
of spherical objects A, and an abstract Ilyi-algebra A, one can try to realize it by 
finding an object X E M with 7r;fX = A. 

For this purpose, we try to construct a cofibrant object V, in sAi realizing 
a free simplicial resolution G, — )• A in sUa-AIq, (i.e. iifV, = G,) and 01.17P 
then implies that one can choose X = JV,. On the other hand, we know simplicial 
resolutions exist in both sUa-AIq and sAi, and it follows from |B13t Proposition 
3.13]) that if A is realizable, any choice of G, must also be realizable in the sense 
that there is a CW object V, G sAi with 7r;fV, = G,. Thus, the realization 
problem for A is reduced to one of realizing CW objects in sUa-AIq. 

Therefore, assume given a free simplicial Il^i-algebra resolution G, of a Ilyi- 

algebra A with CW-basis {G„}^o ^^^ (n + 2)-attaching map (Iq"^^ : G„+2 — ^ 
Zn+iG, C Cn+iG,. In our inductive approach, we also assume given an {n + 1)- 
truncated realization V, of G,: that is, the (ra + l)-truncations Tn+iT^'^V, 
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and Tn+iG, are isomorphic. We also choose a map ^o"^^ • ^n+2 — ^ Cn+iV, 
reahzing the attaching map c/q "^^ : G'n+2 — ^ Cn+iG,. 

We may assume V, is Reedy fibrant (as a truncated simphcial object). If we 

apply the (n — l)-Postnikov section functor to V, , we obtain a (full) simplicial 

object Vri"^=csk„W"+^^ (cf. gUSD. _ 

To start the induction, note that each basis object G„, and thus each Gn, is free, 
so if we choose any realization for Jq ^ : Gi — t- Gq, we obtain a strict 1-truncated 
realization V, of G,. We can further choose a realization Jg ^ : V2 ^ CiV, 
of d^^ ■.G2^ ZiG.C CiG„_ again by ([L9]). Finally, we can use |B,TT1[ Corollary 
4.2] to guarantee that dl o d^'^ =0 on the nose, thus extending V, to V, , so 
there are no obstructions for n = 0. 

At the n-th stage, we deduce from (II. lip that: 



(4.2) 4 Vri") 

as well as: 




for < A; < n, 
otherwise 



{A for A; = 0, 

fi"A for k = n + l, 
otherwise . 

Any simplicial object over Ai satisfying (14. 2 p and (14. 3 p is called an (n — 1)- 
semi-Postnikov section for A. 

4.4. The cohomology existence obstruction. There are several variant de- 
scriptions of the Andre-Quillen cohomological existence obstructions, given by |B12t 
Theorem 4.15], |BDGt §9], and |BJT1[ Theorem 6.4(b)], respectively. We recall the 
third version: 

Under the setting of §4.11 W, need not extend to a full resolution W,, with 
TTQTcfW, = A, and rCiTf^W, = for i > 0. If it does so extend, then the structure 
map r*-""^-* : W, — )■ P"'~^W, = W, induces a map of simplicial Ilyi-algebras 
r^ : BA — )■ rrfW, over A, which serves as a zero section, and implies that 

TT-^W, = EA{^"'A,n + 1). In other words, if W, extends to a full resolution, 
then the simplicial Ilyi-algebra irfW, has trivial ^-invariants. Thus, we distinguish 
those (?T,—l)-semi-Postnikov sections where the n-th /c-invariant for TcfW, vanishes 
by calling them (n — l)-quasi-Postnikov sections. 

It turns out that if W, is an (n — l)-semi-Postnikov section, the n-th /c-invariant 
for the simplicial Ilyi-algebra TcfW,, which we denote by: 

(4.5) /3„ e if"-*-2(A,fi"A), 

is precisely the obstruction to extending W, to an n-semi-Postnikov section 
W^"^^^^ with csk„iyi"+^^ ~ Wi""^ (see [BDGl §9]). In other words, an (n - 1)- 
semi-Postnikov section extends one step further toward a full resolution if and only if 
it is an (n — l)-quasi-Postnikov section. Here we use (14.31) to identify P'^tt^W, 
with BA (a simplicial Ilyi-algebra classifying object for A). 
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Of course, there may be many ways to choose the extension W, once it is 

known to exist; these are classified by difference obstructions (see Section [7] below) . 

4.6. Representing the A;-invariant explicitly. Suppose that the map dg """"^ : 

Vn+2 —^ Cn+iV, actually lands in the (n + l)-cycle object Z„+iV, . This 

would yield an extension of V, to an {n + 2)-truncated realization of G, (cf. 

^rm . Since d^dQ"+' =0 for z > 1 by dll]), the composite map dodo"+^ 
is truly the only obstruction to extending the realization. Moreover, since at the 

H/i-algebra level c^q "^^ lands in the cycles, rather than just the chains, from (11. 9p 



we know that 



d^d^' 

r{n+l) 



0. Thus the real question is whether by varying d^ 



n + 2 . 



^n+2 — ^ C„+iK within its homotopy class (determined by c/q"^^), we can 

force the null homotopic composite d^d^ "*^ to be strictly zero. This sets the stage 
for constructing a higher homotopy operation in Section O First, we show how the 

cohomology class [3n may be described in terms of rforfg "^'^ '■ 

4.7. Proposition. Under the assumptions of \4-l\ for n > 1, the obstruction class /3„ 
of (14. 5 p is represented in the sense of Corollary \2.14\ by the map Gn+2 -^ ttJ^ V, 
induced by d^"^' o dj"+' : Vn+2 ^ Z„W"+^\ 

Proof. Let IV, := csk„ V, bean (n — l)-semi-Postnikov section for A as above, 

and let /C, := n-^W, be the corresponding simplicial Hyi-algebra. We begin by 
constructing a weak equivalence f : G, ^ P"/C, = csk„_|_i /C, as follows: 

Since P"/C, is (n + l)-coskeletal, it suffices to define / on sk„+i G,. On the 
other hand, since W, := csk^iV, and T„+i7r;fVi = r„+iG,, we see that 

sk„ P'^/C, is isomorphic to sk„ G,, and thus for simplicity we assume that / is the 
identity through simplicial dimension n. 

Since we want /„+! to be a map of Ilyi-algebras, and Gn+i is free, by the 
Yoneda Lemma it is enough to say where fn+i takes the tautological {n + 1)- 
simplex in+i E G^+ijK+i}, corresponding to Id G [K+i,K+i] = G^+ijK+i}- In 
order to describe: 

fn+lit-n+l) e (csk„+i/C.)„+i{K+l} = ICn+l{Vn+l} = (vr:f CSk„ 1/j"+^>)„+i{K+l} , 

we need a map Vn+i — )■ (csk„ V, )n+i = M„+iV, (the matching object for V,): 
that is, a strict matching collection of n + 2 maps Vn+i — )■ Vn- This is provided 
by: 

(4.8) (4"-, <"-,..., dr;r). 

Since / so defined obviously commutes with the face and degeneracy maps, this 
defines a map of simphcial Hyi-algebras /:(?,—)■ P^irfW,. Moreover, / is 
necessarily a weak equivalence, since the only non-trivial homotopy group on either 
side is in dimension 0. 

Combined with the description of the n-th fc-invariant in §2.15[ we see that the 
obstruction /3„ G -ff""'"^(A, fi^A) of (14. 5 p is represented by the map of simplicial 
Hyi-algebras kn o f : G, ^ E\{7rn+i)C,,n + 2). This in turn is determined by the 
cocycle (H^i-algebra map) bo C„+2(/) : Cn+2G, — > 'Kn+2)^m, where b is the cocycle 
of (I2.17p . by the naturality in Propostition 12.41 By Lemma [5?TI1 it suffices to say 
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where 6oC„+2(/) sends the tautological (n + 2)-simplex z:„+2 G C„+2G,{V^n+2} C 
Gn+2{Vn+2}, Corresponding to the inclusion z:„_|_2 '■ Gn+2 ^^ Gn+2- Since the target 
is (n + l)-coskeletal, the (ra + 2)-simplex fn+2{^n+2) in (csk„+i /C,)„+2{^n+2} is 
given by the matching collection of n + 3 elements in /C„+i{V^n+2}: 



/(^o 



'Gn + 2 



jGn 



O '•n+2 



jG'„4 



/(^l 



Gn + 2 



O tn+2 



• • • , / ( '^n+2^ ° '•n+2 



This is simply (/(c^o"^ ) ? 0, 0, . . . , 0], since Ln+2 '■ Gn+2 '~^ Gn+2 lands in 



Cn+2G., SO <""+' o ^„+2 = for J_> 0. _ 

Each element /(a) G C„+i/C,{V^„+2} is represented by a map a : Vn+2 -^ 
(csk„ V',)„+i = M„+iV, induced by (14. 8p - so it is the homotopy class of the 
collection of strictly matching maps Vn+2 — ^ Vn- 



(d'^-^'a, d^"+'a, d^'^+'a, ..., d^l^a) . 



The class a = d. 



Gn+2 



is obtained by precomposing the tautological class in+i G 



V„+2 t7 



Gn+i{Vn+i} with the homotopy class of c?q"+^ : Vn+2 -^ Ki+i- Thus by fl4.8p : 



f(a) =f ytn+i o 



"o 



^r' 



' "n.+ l 



/(^n+l)o 
(in 



jVn + 2 



d, 



Vr 



n + 1 



iV. 



<"+^rfl"+^ot/, 



n + 2 



]Vn + l 



...rfriVorf^+^ 



JV„ 



Since we assumed that (ig : V„+2 — ^ K.+i lands in C„_|_iV. 



(n+l> 



this collection is 



equal to 



d, 



Since l^i"^ :=csk„\/: 



^"+^ o 4"+^ 0, 0, 

(n+l) 







ZnV, 



we find that 
(4.9) Cn+iW. ^ 

(see |B14t Fact 3.3]). We have thus described a representing map Vn+2 —^ Z„Vi , 
as required. D 

4.10. Ladder diagrams. In order to identify the target of the map representing /3„ 
in Proposition 14. 7[ we must analyze the isomorphisms Sj in the spiral long exact 
sequence (11. 111) . For this, we need the following technical tool: 

Given X G Ma and Y, G sM with 7^ : X — )■ Z^y, a morphism in Ai, 
let Co(X) denote the cone on X, and i : X — )■ Co(X), j^ : Z^Y, — > CmY, the 
inclusions. If gm = jmjm is null homotopic, then a choice of null homotopy Hm 
yields a commutative diagram: 




> Co(X) 



->SX 



H„ 



7m,- 1 



^m^ » 



3m 



-> Cm^. r^ Zm-1^«. 



do 



The reason is rfojm = by the definition of Z^Y,, hence it follows that d^Qm = 
dojmlm = 0, SO doHm dcsceuds to a map Co(X)/X — > Zm_iY, and identifying 
Co(X)/X with EX produces a map 7rri-i : SX — > Zm_iY,. 
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4.11. Definition. A ladder diagram from 7^ to 7^ is a commutative diagram of 
the form: 




¥ Co(X) 



->SX 



-> ■ ■ ■ S 



m— fc— 1 



H„ 



7m-l 



7fc+i 




> Co(S'"-^-iX) > S"^"'=X 



//, 



fe+1 



7fc 



TimY, : > CmY, — > Zm-iY, ¥ ■ ■ ■ Zfc + iY, ; 

Jm rfo Jk + 1 

Consider any ladder diagram ending in: 

w > Co{W) > j:w 



-> Ck+iY. 



do 



-^ZkY, 



(4.12) 




H„ 




>c„n 



do 



■^ Zn_lY, — > Cn-lY, . 



Jn-1 



In order to continue building it to the right, we would need to have chosen if„ 
carefully to induce 7„_i such that Qn-i = jn-i ° 7n-i is null homotopic. For this 
purpose, we can sometimes use the following: 

4.13. Lemma. If W & A4a o-nd 'Kn-i'^'^Y,{TW} = 0, then the null homotopy 
Hn in fl4.12p can be chosen so the map Qn-i it induces is null homotopic. 

Proof. Suppose Hn is chosen so that the resulting [gn-i] 7^ 0. Then by assumption 
the map do : C„7r;fY,{SX} -)■ Z„_i7r;fY,{EX} is surjective. By (fL9|) . there is 
then a map a„ : EX — )■ C„Y, with (iofctn] = — [7n-i], and we choose H'^ = H^Tan 
(using the notation of [Sp^ §2] for the coaction of [EX, Z] on a nullhomotopy H : 
Co(X) — i- Z). This new nullhomotopy of 7„, induces a map ■Jn_i : EX — )• Z^.iY, 
as above, which in turn yields g'^^i- In fact, 

Wn-l] = i3m-l)*[doiHn-kan)] = (jn-l)* [7n-l] + (jn-l)*(- [7n-l]) 

= [9n-l] - [9n-l] = , 

as required. D 

We now exploit the usual proof of exactness for the homotopy sequence of a fibration 
at the fiber position to show: 

4.14. Proposition. Under the assumptions of §^.i| , given 7^ = dod^"^^ : Vn+2 -^ 



Znv: 



(n+l> 



there exists a ladder diagram from 7„ to 70 : Tj"'Vn+2 -^ ZqV, 



(n+l) 



Vo, 



with adjoint whose homotopy class [70] in Q'^ttq-k-^V, {Vn+2} — ^^■^{Vn+2} 
represents the obstruction class /?„,. 

r(n+l) 



Proof. First, since V^"'^''' is a quasi-Postnikov section, it follows from (14. 2 p and 
(14. 3 p that the homomorphisms s, in the spiral long exact sequence (II. lip are 
isomorphisms for < z < n. We assume by downward induction on i (starting with 
i = n from Proposition 14.71) that 7^ represents /3„ in tTj V, {Tj"-~^Vn+2} — 

By definition, Si is induced by the connecting homomorphism for the fibration 
sequence (I1.12p (see §1.70 . Thus, a preimage of 7^ : E"~*y„+2 -^ ZiV, under 

Si is obtained by choosing a null homotopy H^ : Co(E"^*V„_|_2) — > CjV, for 

jj0 7j, noting that c?oO-f^i|s"-»y„+2~ ^ ^° -^» induces a map 7j_i : E"^*+-'^V"„+2 — ^ 
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Zj_iV, with Sj[7j-i] = Yii\- Evidently, this is just extending a ladder diagram 

from 7„ to 7j and thereby producing a ladder diagram from 7„ to 7i_i, so 
is possible by (14. 3p verifying the vanishing condition required in order to apply 
Lemma 14.131 D 

5. Higher homotopy operations as existence obstructions 

In §4.61 we saw that vanishing of the ra-th "algebraic" obstruction to realizing the 

n^i-algebra A determines whether we can choose a representative d^ ""''^ for the 

attaching map cLq "'''^ so that the composite cLq o d^ "'''^ : Vn+2 -^ Z„ V, is zero 

(and not just nuU-homotopic). 

The same question may also be addressed using the inductive rectification process 
of §3.21 since we can view this as trying to find a strict representative for a (pointed) 
diagram in the homotopy category. We need the relative version of §3.5l for this, since 

we want to ensure that d^^^d^ "^^ remains strictly zero for i > 0, and want to 
leave the (n + l)-truncation V, untouched. 

Because the Dwyer-Kan-Smith (5^,, 0)-cohomology obstructions are difficult to 
compute, we prefer the more "geometric" approach of §3.8t but for this the indexing 
category must be a lattice. This is not true of (truncated) simplicial objects, because 
of the degeneracy maps. However, in our case we can work with a smaller indexing 
category, which is a lattice, by using the CW structure to avoid dealing with the 
degeneracies. We can further reduce the complexity by careful initial choices (see 
Section [6] below). 

5.1. Remark. By |B13l Theorem 3.16] any chosen CW-resolution G, of a realizable 
Hyi- algebra A := tt'^X (cf. §1.20p can be realized by a CW-resolution V, of X in 

sM, with Ti-^Vn = Gn and {(^")# = d^", and thus nfV, ^ G,. 

We observe also that if we want to realize a CW-resolution G, — )■ A in sUa-AIq 
- or equivalently, to rectify the corresponding simplicial object up-to-homotopy in 
s(hoA^), obtained by choosing some Vn G Ma with TifVn — Gn for each 
n > 0, with dg" uniquely determined up to homotopy by c/q " - it suffices to 
inductively rectify the corresponding restricted simplicial object (in which we forget 
the degeneracies), since the degeneracies can then be reconstructed from (ll.2ip . 

5.2. Definition. Write A for the indexing category for restricted simplicial objects, 
with Obj (A) := {n},^Q and maps (io, . . . , c?„ : n — )■ n — 1 satisfying the simplicial 
identities didj = dj^idi for i < j. 

Similarly, augmented restricted simplicial objects are represented by A_^, with an 
additional object —1 and e = (io : — )■ — 1. The truncated categories A" and 
A" are the full subcategories with objects n, n — 1, . . . , and n, n — 1, . . . , 0, —1, 
respectively. The latter is a lattice of length n + 1, with (weakly) terminal object 
Vfin := -1. 

Finally, let A"^^ be the category with object set {0, 1, . . . , n + 2}, all the maps 
of A"+^, and one additional map rfQ:n + 2— T-n+l such that rf"^^ od^ = for 
0<i<n + l. 



Thus V, , together with Vn+2 and its face maps, define a functor V, 

'n+l 



^71+2 _v. ho A^. Moreover, we have maps dj'' : Vk -)■ V^-i and (i^"+^ : Vn+2 -^ K 
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which, together with V, 



(n+l> 



(n+2> 



'almost" define a functor W^^' : A"+2 ^ _A/f lifting 



(n+2) _ 



in that all (pointed) identities of A"'^^ hold strictly, except: 



W 



dnod'"+^ ~ 



v: 

(5.3) 

(the composite need not be strictly zero). 

Rectifying V, (thus turning V, into a strict functor) is equivalent to 

producing a full (n + 2)-truncated simplicial object V, realizing r„+2G',, by 

Remark Ol 

5.4. Using the Dwyer-Kan-Smith approach. In order to apply the inductive 
procedure of g321 let C := A"+i and I) = A"+^ so = {0, 1, . . . , n + 1} and 
0+ = U {n + 2}. The {n + l)-truncated simplicial object V, provides 

the strictly commuting diagram A"+^ — t- Ai, and thus the constant (iS*, 0) map 
X : c(A'^+i) -^ Mo- 

The lifting diagram of (5*, 0+)-categories representing (13. 4p in our case is: 



FsA 



Fsi 
n+1 y rp A ra+2 



(5.5) 



c(A 

X 



n+l-' 



Xi-i 



M, 



-^M 




^E 



^n+2 



[i^iM 



0+'- 



1^ 



for each 1 < £ < ra, where Q is the pushout F,(A"+^A"+i) in {S^,0+)-Qat. 
The initial choice of X° : Q — )■ P°A^o = cski A^o+ is actually equivalent to the 



"lax functor" Vj 



{n+2) 



together with choices of nullhomotopies H^ : di o d, 



Vn 







{0<i<n + l) in (l53|) . 



5.6. The geometry of Q. 

To analyze the (5*, 0+)-maps X'^ : Q — )■ P'^A^o+) or their adjoints sk^+i Q — )■ 
-^o+, we need an explicit description of the simplices of each simplicial mapping 
space mapQ(m,j). We denote the i-th "internal" face map of each such simplicial 
set by di, to avoid confusion with the "categorical" face maps di (morphisms of 
A"+i). 

Recall that the free simplicial resolution F^/C of a category K, is constructed by 
iterating the free category monad FU (cf. §3.ip . We denote a fc-simplex a'' of 
FgJC by a {k + l)-fold parenthesization of a sequence of maps from /C, which we 
think of as representing a k-th order homotopy betwen the vertices of a. The i-th face 
dia^ is obtained by omitting the [i + l)-st level of parentheses, and the degeneracy 
Sja^ is obtained by iterating the (j + l)-st level of parentheses (0 < i,j < k). The 
categorical composition is denoted by concatenation. The augmentation e : FglC — t- /C 
is defined by dropping all parentheses (and composing in /C). 

Note that the mapping space mapg(ni,j) is discrete unless m = n + 2, since 
otherwise Fgi (at the top of (15. 5p ). and consequently i^, too, are isomorphisms. 
Consequently each pair of parentheses not surrounding a map out of n + 2 represents 
a homotopy in a discrete space, so will be omitted. Thus we only need to consider 
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nested parentheses having (Iq (the only new 0- vertex in Q\ FgA^^^) in the 
innermost parentheses. 

Therefore, we further abbreviate the standard notation by omitting all right paren- 
theses, and replacing left parentheses by vertical bars. Moreover, every string rep- 
resenting a simplex a of mapQ(n -|- 2, j) has (Iq as its last entry, so we can 
omit it. Thus, \di\d3\ represents (<ij(<i3(<io))) in the standard notation, while 
c^ilMsl = Soi^dildsl) is decomposable (that is, represents a composition with a degen- 
eracy of a zero simplex in some discrete case) because there is no vertical bar on the 
extreme left. 

Now any non-degenerate fc-simplex a oi Q {k > 1) is necessarily in mapg(n -|- 2, j) 
for some j < n — k + 1. It can thus be written uniquely as: 



a = (i/Jrf/Jrf/J ■■■\dijdi^ 



fc+i 



with a total of A; -|- 1 vertical bars. Either or both of Jq and Ik+i can be empty. 
Any fc-simplex in mapg(n + 2, n — k -|- 1) (the maximal dimension here) will be 
called atomic. In particular, the basic atomic A;-simplex is: 

(5.7) Tk := \do\do\ ... \do\ . 

5.8. Definition. For fixed n > 1, a k-flag is a sequence (p = {ii,i2, ■ ■ ■ ,ik) of 
\ip\ := k integers with < ii < i2 < . . . < ik < n + 1. The collection \E'"1^_,_]^ 
of /c-flags is in one-to-one correspondence with the set Hom^„+i(n -|- 2, n — k -|- 1), 
where ip represents the map d^ = di-^di^ . . . d^i^d^ : n + 2 ^^ n — k + 1 in A"+^ (cf. 
§5.2p . It thus determines a fc- dimensional simplicial set K,^ - namely, the (pointed) 
component of (d^) in Q(n + 2, n — k -|- 1), which we call the flag com,plex for ip. 
We may describe /C<^ explicitly as follows: 

A j-simplex a of IC^p is determined by an expression of the form 

d(0 . . . d(0 I d(i . . . d(i I ... I d^j+i . . . d„j+i , 

with £* < ^2 < • • • < ^m« ^"^^ J + 1 vertical bars, where the composite (obtained 
by omitting all bars) is d^, and we allow bars at either end of the sequence, as well 
as repeated bars. The face map di removes the (z -(- l)-st vertical bar (rewriting the 
resulting sequence in standard form, if necessary), and the z-th degeneracy repeats 
the {i + l)-st bar, as in Q. 

5.9. Example. For </? = (2 < 4 < 5), we have a 3-simplex |(i3|(i3|c?2| in ^ipi since 
^3(^3^2 = d2d/^d^. The 2-simplices include |(i2(i4|(i5|, ^2^4 Ms | and |(i2'^4M4|- 

Moreover, di [\d^\d^\d2\] = \dsd4\d2\ and do [\d2d4\d5\] = d2d^\d5\. 

5.10. Definition. For any flag p> as above, the boundary of the flag complex /C^, 
denoted by dlC^, is the {k — l)-dimensional subsimplicial set spanned by dia, 
for a a /c-simplex of IC^ {0 < i < k). The subcomplex of dK.^ spanned by 
the zero-faces doa is called the base complex, written OqIC^] and the subcomplex 
spanned by the other faces {1 <i < k) is written 9/C<^, so dK^p = d^fC^ U dKip. 

The vertex \di^di^ ■ ■ -dif, of /C^, lying in 9/C<^, will be called its cone point, and 
denoted by c<^ (see Lemma [5.121 below) . 

5.11. Examples. (1) Figure [T] shows the 2-dimensional flag complex /C<^ for ip = 
(0 < 1). It contains the basic atomic 2-simplex T2 as the left 2-simplex (cf. (15. 7p ). 
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do\do 




Figure 1. The flag complex )C^ for 99 = (0 < 1). 

The base complex ^q/C;^ consists of the top two 1-simplices doT2 = do\do\ and 
(io|(ii|. Note that Sq/C^ is a triangulated dual 2-permutohedron on the set {0, 1}, 
where d^di corresponds to (0, 1) and d^do corresponds to (1, 0) since the 
simplicial identities are involved in permuting face maps. 

(2) Figure [2] shows the atomic 3-simplex a = |(io|(ii|(io| of mapg(n + 2, n — 2): 
more precisely, we have cut open its boundary da, so that it can be depicted in the 
plane, with identifications of the outer edges indicated by dotted arrows. The cone 
point c^ corresponds to the outer vertices \dQd1d2 (all identified) and the central 
facet SqC" is part of doJC^p, while the bottom 2-simplex in the figure d^a forms 
part of the (upper) boundary d)C^. 



\dod1d2 



Moc'ic'21 



dodid2 



Moc'ic'21 



\dod1d2 



\dQ\dQd2 



\do\dod2\ 


/ \ 


\ do dido 


do\dQd2\/ 


Voc^iMo 


\ / 


do\di\do\ 


\ / 



\dodi\dQ 



do\dod2 



dnIdiMn 



I dodi\do 



'■'-\dQ\dod2 



^\dodi\do-''' 



\dod1d2 



Figure 2. The boundary da of the 3-simplex cr = |(io|(ii|(io| 



(3) Figure |3] depicts the base complex doK.^ (a triangulated dual 3-permutohedron) 

for the first flag of length 3 y? = (0 < 1 < 2) in mapQ(n + 2, n — 2). 
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do|dodi 



dodi\d 



doldild 



do\did2 



do\do\d 



do Mo Mo 




dodi\do 



do\di\do 



do\dod2 



do\di\d2 



dadi\d2 

Figure 3. doK.^ c mapg(n + 2, n - 2) for v? = (0 < 1 < 2) 



5.12. Lemma. For any flag ip with \ip\ = k, the base complex OqIC^ is isomorphic 
to a triangulated dual k-permutohedron (a {k — 1)- dimensional convex polytope) , and 
/C^ is the combinatorial cone on its zero face d^KL^, with cone point c^p. 

Proof. The (A; — l)-simplices of the base complex ^QlC^p may be hsted by decompos- 
ing dtp in all possible atomic (mostly non-standard) forms, so as a composite of k 
face maps with vertical bars inserted to the right of each map (but not at the left end). 
If we let the standard representation (in ascending order) di^\di^ \ . . .\di^\ correspond 
to the identity permutation, we have a faithful, effective, and transitive action of the 
symmetric group S^ on the (/c — l)-simplices of Sq/C^, in which any adjacent trans- 
position (j,j-|-l) takes dii\ . . .\dij\dp+i\ . . .\dik\ to dii\ . . .\d(ity\d(^iiy+i\ . . .\diik\, 
by applying the simplicial identity dp o dp+i = d(^i'y o d(iiy+i. 
base complex Sq/C^ 
To see that IC,„ 



This shows that the 
is indeed the dual of the triangulated /c-permutohedron. 
Co{dolCp), note that if we compose all the factors in any 
.\...\di. as above, we obtain the same map d^, which 

is precisely the cone point 

D 



representation \di, 

implies that the initial vertex of each A;-simplex a of /C<^ 

c^, explicitly \di^ . . .di^. 



5.13. Remark. The terminal vertex of each simplex of Sq/C^ 
base complex is again the cone on its own boundary. 



is di^ . . . di^ I , so the 



26 D. BLANC, M.W. JOHNSON, AND J.M. TURNER 

5.14. Corollary. For any flag if with \ip\ = k, the boundary dK,^ of the flag 
complex is a combinatorial {k — 1) -sphere. 

Proof. The permutohedron Te on k elements is a (k — l)-polytope - that is, a 
convex (A; — l)-dimensional polyhedron in M'^"^ (cf. |GRj ) so its dual OqK,^ is also a 
{{k — l))-polytope (see \Gy\ §3.4]). Thus the cone K.^ = Co((9o/C<^) is a fc-polytope, 
and its boundary dK,^ is combinatorially equivalent to a {k — l)-sphere. D 

We can now describe the decomposition of the mapping spaces in Q: 

5.15. Lemma. The space mapQ(m,j) is empty if m < j, discrete for m ^ n-\-2, 
and for < k < n + 1 

mapQ(n + 2,n-k + l) ^ ^ /C<, 



-if ) 



f^KtU^ 



where the vertex {di-^di^ ■ ■ -di^, is chosen as basepoint in each flag complex. 

Proof. In the pushout (15.51) defining Q, for entries with m ^ n + 2, the top map is 
an isomorphism, hence the bottom map is as well, so mapg(m, j) is discrete. 

If m>j, by construction, the pointed mapping space mapg(m,j) decomposes 
into a wedge of natural summands corresponding to distinct maps in A"^^ - that 
is, iterated face maps m — )■ j. However, these summands are just the fiag complexes, 
since the composite obtained by omitting the bars from any decomposition of ip always 
equals dj^ di^ . . . di^ . D 

5.16. Remark. Note that the basic atomic A;-simplex Tk = \do\dQ\ . . . \do\ (cf. §5.61) is 
a top dimensional simplex of /Co<i<2<-<A:-i in each case, while doTk decomposes 
(in the simplicial enrichment of Q) as Tk-i followed by (the degeneracy of) the 
0-simplex do : j + 1 — ?■ j- We will see later, that with appropriate initial choices, 
we can send any top dimensional simplex other than r^ to zero, and one only really 
needs to extend over this single simplex, imposing this one relation, at each stage of 
the induction. 

Given a fiag ip = {0 < ii < 12 < ■ ■ ■ < ik ^ n + 1} , write ip^ := {0 < ii < ^2 < 
. . . ij^i < ij+i ■ ■ ■ < ik < n + 1). For j < i write ip^'^ := {0 < ii < . . . ij^i < 
Zj+i . . . ig-i < ii+i ■ ■ ■ < ik <: n + 1}. Let (ii^._j+i o /C j denote the subcomplex of 
doK,^ spanned by simplices of the form di.^j+i\a, where a represents a simplex 

5.17. Lemma. Each component JC^ of the mapping space mapQ(n + 2, n — k + 1) 
has doJC^p = M. dj^-j+i o /C ;■, where each {k — 2)-simplex not in the boundary is 
shared by only two {k — l)-simplices, and if j < i: 

dij-j+i o /C^j- [ I rfj^_^+i o /C^i = di._j+idi^_i^i o JC^n . 

Proof. This is a straightforward calculation, based on the simplicial identity 

^i\^i2 • ■ ■ ^ik ij — {j — ^)ii ■ ■ ■ ^ij — i^ij+i • • • ^ik ' 

since the face map dj. is moved forward past j — 1 others, whose indices are 
always lower by assumption. Permutations naturally break up according to those 
which move a fixed term to the front, with each such piece a copy of a permutation 
group on a set with one less element. The same applies a second time to get the 
intersection statement. D 
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5.18. The inductive procedure. Let Q[n + 2,j] denote the fuU subsimphcial 
category of Q which only contains the objects n + 2, n + 1, . . . , j. Note that any 
simplicial functor X^ : Q[n + 2, n — k + 1] — )■ A^o+ (compatible with X : A"+^ — )■ 
A4o) extends uniquely to a simplicial functor : 9oQ[n + 2, n — k] — )• A^o+ (where 
the face is only taken in the last mapping space) by Lemma 15.171 (for each (f) and 
extends by zero to d)C^ (the rest of dJC^). Together with X^, this yields a 
simplicial functor X'^ : 9Q[n + 2,n — k] — )■ A^o^ (where again the boundary is 
only taken in the last mapping space). 

For any flag with \ip\ = k + l, note that X''\gjc^ sends dK,^ to the zero map. 
Since the target in A^o+ is assumed to be a Kan complex, we can instead consider 



the induced map f^ from the quotient dJC^/dJC^ 



doJC^/ddoK.^, which is a 



/c-sphere by Lemma [5.12[ Moreover, the adjoint map f^ : S^K„+2 -^ Vn-k is null 
homotopic precisely when /^ is such, or equivalently, when X'^Iq/c has a flller to 
all of /C„ 



■-if- 



5.19. Proposition. A simplicial functor X^ : Q[n + 2, n — k 



1] ^ Mo, 



(com- 



patible with a fibrant X : A"'"'"^ -^ Mq) extends to a simplicial functor X'^"'"^ : 
Q[n + 2, n — k] — )■ A^o+ ^/ ^'^'^ only if for each flag of length k + 1 the induced 
map f^p is null homotopic. 

Proof. If there is an extension, the fact that the full JC^p serves as a cone on its 
boundary /c-sphere means the extension serves as a null homotopy of the restriction 
to dlC^p, thereby implying that f^ is also null homotopic. 

Conversely, if f^ is null homotopic, given the choice of a null homotopy H for 
^'^Idic^ and an z-simplex a G /C<^ \ dJC^ (with i = k or k + 1), H determines 
an i-simplex X^~^^{(t) G map_y\^(X'^(n + 2),X'^(n — k)) since the target is a Kan 
complex. Note that any such ^-simplex a is indecomposable, so X^"*"^ so deflned 
(and extending X^) is indeed a simplicial functor. D 

5.20. Definition. Given a flag if = {0 < ii < . . .ik+i < "^ + 1), with corresponding 
map d^ = di^ . . . di^^^^d^ : n + 2 — > n — k, by Corollary 15.141 the boundary (9/C^ 

of the flag complex is a simplicial fc-sphere. Therefore, the adjoint of /^ = X^\qiq : 
dK^ -^ map_v((^n+2,K-A;) may be thought of as a map /^ : 'Z''Vn+2 -^ Vn-k 
(after identifying 9/C^ with the cone point c<^). We deflne the {k + l)-st order 
higher homotopy operation obstruction to realizing A to be the subset: 



n+2\\ (- 



consisting of all homotopy classes: 



V S'^y^+a, K 



n—k 



'p&K 



(5.21) 



{f:^i) ■■- 



V u 



If^Ktl 



bp&K 



\j S'^K^,, K 

n + 2 



n+2-i ^n-k 



obtained by varying the inductively deflned choice of X^. Each such class (I5.2ip 
is thus a value, in the sense of §3.8[ of the {k + l)-st order higher homotopy operation 
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5.22. Theorem. Under the assumptions of ^5.4\ the homotopy class {f^^'^) of 

f l5.2ip vanishes if and only if the restriction of the lifting X^ in Diagram (15. 5p 

to Q[n + 2,n — k] exists. 

Proof. This foUows by induction from Proposition 15. 191 D 

5.23. Corollary. The last (n-th order) higher homotopy operation ((^I^o^^)) is the 
(final) obstruction to extending the (n + l)-truncated simplicial object V, to a 
rectification of V, , and thus to a realization of r„_|_2G,. 

Proof. The induction of §5.181 (and Proposition I5.19P is different prima facie from 
that of §3.2[ since we enlarge the indexing categories A"'"'"^|[n+2j] at each stage. 
However, this is no longer true at the last stage, when k = n, so our last obstruction 
is for the full extension to Mo+, as in §3.21 D 

6. Minimal higher homotopy operations 

We would like to relate the higher homotopy operation obstructions of Section [5] 
to the cohomological obstructions of Section HI Evidently, these two obstructions do 
not take values in the same groups, so they can not be identified per se. In order to 
compare them, we define a homomorphism between the target groups, as follows: 

6.1. The correspondence homomorphism. By adjointness, there is a natural 
isomorphism [S"'V„+2,X] = [V„4.2,fi"X] and by Vn+2 G -Ma , we have a natural 
isomorphism [Vn+2,Y] ^ iiomuj^.Aig{'^fVn+2,T^fY). However, Vf^irfX := vr^fi^X 
so the combination gives a natural isomorphism 

[S"F„+2,Vo] =Homn^.^,,(7r:fF„+2,fiV^o) • 

Next, post-composition with the looped augmentation map e : Gq = nfVo ^ A 
induces a (surjective) homomorphism 

Homn^_^;g(G„+2,fi"7r;^'K)) ^ Homn^_^;g(G„+2, ^"A) ■ 
If we identify Gn+2 with TTfVn+2, we get a homomorphism 

[S"F„+2,V^o] ^Homn^.^,,(G„+2,fi"A) • 
Finally, by Corollary 12.141 there is a homomorphism 

}iomn^.Mg(Gn+2, n^A) ^ H^+\A; fi"A) 

as well. Combining these maps and identifications yields: 

(6.2) <l>:[E"F„+2,V^o] -^ H''+\A;n^A) 

6.3. Definition. In the setting of §4.11 the n-th correspondence homomorphism is the 
map 

$„: [S"F„+2,M)] -^ if"+2(A;fi"A) 

obtained by adding up the homomorphisms $ of (16. 2p . whose target is an abelian 
group. 

The correspondence homomorphism is hard to evaluate, in general. However, there 
is a special class of values of the higher homotopy operation ((^q^^)) for which this 
evaluation is possible: 
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6.4. Definition. A value (/) G [V(pG<^"+2 S""-'V„+2, Vj] of the higher homotopy 
operation ((^E'?^ )) defined in §5.201 is called minimal if it is represented by a 
map / = VwG'^"+^ /v" ^^ i^ ( I5.2ip . for which f^ is a constant map (that is, 
takes values in degenerate 0-simplices) for all but the particular fiag (fj := (0 < 
1 < 2 < • • ■ < n — j) in vl'""'"^ (corresponding to dodo...dQ), and the map 
fy,. : dJC^Q — )■ m.a.pj^{Vn+2,Vj) is constant on all but the basic atomic /c-simplex 
Tfc = \do\ . . .\do\ of K,^^ ( §5.6p for each 1 < k < n ~ j. 

6.5. Remark. More generally, we could replace yjj by another map ys' G \1'"^^, and 
simply require that f^> be constant on all but one fc-simplex a^ of /C^/ for 
each I < k < n — j. Note that for minimal cases, (/) G [V(og^"+2 S"~-^Vn+2, V,] 

is completely determined by the homotopy class of f\da corresponding to a single 
map E''-^Vn+2^Vj. 

6.6. Definition. A ladder diagram from 7„ = d^dQ "'^^ : Vn+2 -^ Z„Vi to 

7j : E"~-'V„+2 -^ ZjV, (cf. §4.10p is said to be equivalent to a ladder diagram 

from the same 7„ to 7^. : S"--'F„,+2 ^ ZjW"+^^ if 7^- ~ 7^.. 

6.7. Proposition. There is a bijection between equivalence classes of ladder diagrams 
from 7„ = dodQ"+^ : Vn+2 ^ Z„W"+^^ to 7^- : S"-JT„+2 ^ Zj1/j"+^^ an(i mzmma/ 
values of the higher homotopy operation (f^.) G ((\E'"^^)). Moreover, if 7^ ~ i^/ien 
(/^^.) vanishes (and conversely for the appropriate minimal value). 

Proof. Given such a ladder diagram, we inductively define suitable simplicial functors 
X^ : skfc Q[n + 2, n — k] -^ A^o+ extending the given X : A"+^ — )■ Mq, in the 
notation of (15. 5p . To do so, we only need to specify X'^ on r^, with all other 
simplices of Q[n + 2,n — k] \ F^A""*"^ sent to zero. The compatibility condition 
reduces to 9oX'=(rfc) = d^^-'^^ X'^'^n^i) and diX^{Tk) = for i > 0. 

Given the map Qi : W ^ CjY, in a ladder diagram, let g[ := j^' o ^ij, where 
i[ : CjF, M- Yi is the inclusion. 

To begin, we define X° : sko Q[n + 2, n] — > A^o+ by mapping OqTi = do] to 
g'^e Mo+{Vn+2,Vn)o- Recall that (A[l] (g) V'„+2) / (Aj ® 1^„+2) provides a model 
for the cone Co(l^„+2), where A^ C (9A[n] is the horn omitting the k-th face. 
Hence, the map in the ladder diagram Hn : Co(V^„4.2) — )■ CnV, C Vn defines a map 
Hn : A[1]®V^„_,.2 — !■ Vn whose restriction to Al^Vn+2 is zero, and whose restriction 
to doA[l]^Vn+2 is g'n- The adjoint Hn : A[l] ^s- Aio^ {Vn+2, Vn) of Hn restricts 
to the zero map on the horn Aq. We can therefore extend X^ to a simplicial functor 
ski Q[nj-h2,n] ^ A^o+ by sending n to Hn E Mo+{Vn+2,Vn)i, with diHn = 
and doHn = g'n by construction. Since (i^"5'[j = 0, if„ induces a map 

g'^_, : SF„+2 = (A[l] ®F„+2) / (9A[1] ®F„+2) ^ C„_iK C K-i , 

and we define X^ : ski Q[n + 2, n — 1] — ^ A^o+ extending the previous choices by 
sending doT2 to ^.^_i G A^o+(V^n+2, K-i)i- 

At the A;-th stage, assume we have defined X^ : sk^ Q[n + 2, n — k] — )• A^o+ send- 
ing doTk+i to ^;_fc G A^o+(F„+2, K-fc)fc. Note that (A[A; + 1] ® F„+2) / (A^+i ® F„+2) 
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is a model for Co(T,''Vn+2), so Hn-k defines a map Hn-k '■ ^[k + 1] — >■ 
A1o+(^n+2, Vn-k) whose restriction to Aq^"*^ is zero. Viewed as a {k + l)-simplex 
in the mapping space, this means that diH^-k = for i > 0, while d^Hn-k = Qn-k- 
We may therefore extend X'^ : sk^ Q[n + 2,n — k] — )■ A^o+ to the {k + l)-skeleton 

of Q[n + 2,n- k] by mapping r^+i to H^-k- Since d^""'' g'^^,^ = 0, H^-k 
induces a map 

g'n-k-i ■■ S"-'F„+2 ={A[k + l]® Vn+2) I {dA{k + 1] ® F„+2) ^ C„„fc_iK c K-A-i 

We define X^^^ : sk^+i Q[n + 2, n — k — 1] — )• A^o+ extending the previous choices 
by sending ^0X^+2 to ^^_fc_i G A^o+(^n+2, K-A:-i)fc+i- 

Conversely, given X^ : skj Q[n + 2, n — j] — t- A^o+ representing a minimal value 
of [V(pG<i'"+2 S" "'F„+2! Vj]) we define the corresponding ladder diagram by setting 

H^ = X-'(r„_m+i), and g'^ = X-'((9oT„_m+i)- Note that the adjoint Hm factors 
through CmV, C Kn, since diTn^m+i = for z > 0, while the adjoint g'^ factors 
through ZjnV, C Vm since didoTn-m+i = for all i. D 

6.8. Corollary. Given a ladder diagram from '-fn down to 7^, as in Proposition 



6.1, the segment of the simplicial diagram from dimension n + 2 down to j is 
00-homotopy commutative, so it can be rectified. 

Combining Proposition 16.71 with Proposition 14.141 yields: 

6.9. Corollary. Under the assumptions of \4.1\ the last higher operation {{'^q'^'^)) has 
a minimal value. As a consequence, the operation is non-empty (well-defined) and 
vanishes if any minimal value vanishes. 

6.10. Remark. Note that minimal values of the higher operation are values of long 
Toda brackets of the form: 




t 



^n+2 ^ Cn+lV. ^ CnV. ^ Cn-lV. ^ !> ^iK ^ K) 






with linear indexing category, in which all but the first composite is strictly 0. 
6.11. Theorem. In the situation of §/^.i[, the correspondence homomorphism $^ 



maps a minimal value of {{'^0'^'^)) to the Andre-Quillen obstruction (3n to realizing 
A. 

Proof. This follows from Propositions 14. 141 and I^Tl with j = 0. D 

6.12. Corollary. The vanishing of any minimal value of ((^^o^^)) implies the van- 
ishing of /3n. Conversely, given an {n + l)-semi-Postnikov section W, for K, 
as in %4^\ there is an {n + 1) -truncated simplicial object V, realizing Tn+iG,, 
and if the cohomology obstruction (3n+i associated to W, vanishes, so does 
((^r^)) for V^-^'\ 
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Note the (necessary) shift in indexing of the two series of obstructions, because of 
the different things they measure: the fc-invariant /3„ is the obstruction (14 .Sp to 
obtaining an n-th semi-Postnikov section for A, extending a given {n — l)-st semi- 
Postnikov section, while the higher homotopy operation ((^I/q"^^)) is the obstruction 
(Corollary 15.231) to constructing V, realizing the {n + 2)-truncation of a given 

resolution G, for A. 



7. Difference obstructions 

The next question arising in the inductive procedure for realizing a Ilyi-algebra 
A described in §4.11 is that of distinguishing between different extensions of a given 
(n — l)-senii-Postnikov section W, to an n-semi-Postnikov section W, . 

Recall that if A is realizable, then any X E Ai with TcfX = A has a free 
resolution W, ^ c(X) in the iJ^-model category sA^ (by [Sto]), with JW, 
yi-equivalent to X ( §1.15p . and nfW, a free Ilyi-algebra resolution of A. Since 
J preserves weak equivalences, classifying realizations (in sAi) of free simplicial 
resolutions of A subsumes (and refines) the classification of all realizations of A (in 
Ai) up to ^-equivalence. However, every free simplicial Ilyi-algebra G, has a CW 
basis, and every CW resolution G, — )■ A can be realized as a resolution W, — )■ X 
in sAt. Thus we can in fact apply the inductive procedure described in §4.H starting 
with a specific CW basis for G,. 

Once more, we have two methods of constructing the difference obstructions for 
inductively distinguishing between realizations of such a CW resolution G, — )■ A: in 
terms of Andre-Quillen cohomology classes, and in terms of higher homotopy opera- 
tions. 



7.1. Cohomology difference obstructions. Again, there are a number of equiva- 
lent descriptions of the difference obstructions in cohomology, and we give one based 
on |BDGj . but stated in terms of a fixed simplicial Ilyi-algebra resolution G, — )■ A 
with given CW basis (Gj)^q: 

Assume as in §4.11 that we have chosen a realization V, for r„_|_iG,, which 

has two different extensions V, and V, , both realizing r„+2G,. Since we 
are not concerned now with the existence problem, we may assume that V, and 
V, are (n + 2)-coskeletal objects (that is, P"'"'"^-simphcial objects) in sAi, with 
W, := csk„+i V, = csk„+i V, = csk„+i V, as their common n-th Postnikov 

section. In particular, they are both n-quasi-Postnikov sections. 

The question is whether V, and V, are weakly equivalent (relative to W,), 
that is, whether there is a map (f fitting into a commuting diagram of vertical fibration 
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sequences in sAi/BA, with horizontal weak equivalences: 

E(fi"+iA, n + 1) > E(fi"+iA, n + 1) 



(7.2) 




E(fi"+iA,n + 2) 



>E(fi"+iA,n + 2) 



where p^J^]_i : V, -)■ W, 



j,(.t) 



are the structure maps in the Postnikov towers, and 

W, = P"VJ*^ -^ E(fi"+iA, n + 2) are the (functorial) fc-invariants for W*^ 
(t = a,b). 

By [BDGl Prop. 8.7] (or |BJTlt Prop. 5.3]), for any A-module /C there is a natural 
isomorphism 

[W.^E-niCn)]^^^^^ ^ [7rfiy.,EA(/C,n)]^„^_^^^/^ = //"(^rf IV./A; /C) 

for n> 2. 

Therefore, the fc-invariants kn are determined by the induced maps of simplicial 
Hyi-algebras {kn)# '■ t^'^W, — )• EA{il^~^^A,n + 2) (where both source and target 
are Eilenberg-Mac Lane objects in sUji-Alg, by §4.4p . Since the vertical fibration 
sequences of (17.21) induce long exact sequences in nf by [BJTlt Lemma 5.11], we 
see that {kn)# is an isomorphism. Thus the choice of the /c-invariants is determined 
solely by the Eilenberg-Mac Lane structure on tt'^W,, which is determined in turn 
by the choice of sections s^°'\ s^'^^ : P^vr^M/, ~ BA -^ TcfW, (where P* is the i-th 
Postnikov section in sUji-Alg). 

Thus the cohomology difference obstruction for V, and V, (relative to 

^ny{a) ^ pny^ib) ^ y^^^, jg defined tO bc 

(7.3) 6n := [s(")] - [s(^)] G if"+2^A,n"+iA) . 

See [BDGl §8 and Proposition 9.12] and [BJTll Theorem 5.7(c)]. 



7.4. Proposition. Under the assumptions of \4-l\ for n> 1, with the two attaching 
maps Jq : Vn+2 -^ Z„+iV, = Zn+iW, (t = a,b), the obstruction class 5„ is 
represented in the sense of Corollary \2.14\ by the map Gn+2 -^ 7r^_,_j^ V, induced by 

7.5. Remark. Note that even though W, = P"V, is only (n + l)-coskeletal, it is an 
ra-quasi-Postnikov section for A, and in either extension we have Z„+iV, = Zin+iW,. 
Thus we have a canonical identification n^^^ V, = vr^^^ V. , induced by the identity 
on Zn+i (cf. ( ll.lOp ). Thus the difference d^ ■ {d^)~^ makes sense; it is defined 
using the the homotopy cogroup structure on Vn+2- 

Proof. Note that G, is a cofibrant model for BA, while the sections s'-*^ evidently 
factor though P"+%;fK — P'^'^^G, {t = a,b), and are thus induced in vr^ by 
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the Postnikov structure maps pj+i : V. — ;■ W, in sM.. The cohomology class 
6n is thus represented by the difference [Pn+i] ~ iPn+i) (now taking values 

in abelian groups) mapping P^+^G, to TffW,. Since by assumption the maps 
Pn^i are the identity through simplicial dimension ra + 1, and their source is 
{n + 2)-coskeletal, the map 6 is determined by what each map pj+i does to {n + 2)- 
simplices. As in the proof of Proposition 14. 7| (p„+i) is determined by its value on 

the tautological class Ln+2 G Gn+2{Vn+2}, which maps to the class represented by 
the matching collection f (Jq "■''^, 0, . . . , j G }iom_MiVn+2, Mn+2V, ), corresponding 

to dj-^' : F„+2 -^ z„+iFJ*> = Zn+iW.. a 

7.6. The representing cocycles. The cohomology class 5„ evidently vanishes if 
the cocycle representing it does - that is, if the attaching maps d^ : Vn+2 — ^ Z„+iVF, 
for V, (t = a, h) are homotopic - though the contrary need not hold. Note that 
if we post-compose the maps d^ with the inclusion j„+i : Zn+iW, M- Cn+iW,, the 
resulting maps jn+i^do '■ Vn+2 — ^ Cn+iW, both represent (io"'''^ • ^n+2 — ^ Cn+iG,, 
by (11. 9p . so that we again face a situation similar to that of §4.10[ where we want 
to lift a nuUhomotopy for jVi+i ° ^ '■ Vn+2 -^ Cn+iW, to a nuUhomotopy for S: 

F„+2 '- > Co(F„+2) 

U ....■■■■■■■■■^■■■■■■"" >' 

Zn+iW. : y Cn+lW, . 

Jn+l 

If we can do so, V, and V, are weakly equivalent (relative to W,). 

We can therefore compare the Andre- Quillen difference obstruction of [BDG] and 
[BJTlj (described above) with the construction of |B12] . as follows: 

In the notation of [B121 §4] , for each t = a,b the attaching map dg : Vn+2 -^ 

Z„+iW*^ = Zn+iW, is determined by a map A : Gn+2 = t^'^V n+2 -^ 7r;fZ„+iVJ*\ 
fitting into the commuting diagram: 

<Vn+2 ^ <T^n+^V, 

On + l)# 

Gn+2 ^ > Z„+iG. ^^ Zn+MV^'^) 

1 n-\-2 



(7.7) 



The map [jn+i)^ is surjective by the commutative diagram before |B14t §4.12], 
which also shows that there is a short exact sequence: 

^ fivr^rj^^ ^ T^^Zn+M'^ ^^=^ ^n+i(vr^W*^) ^ 0. 

Thus the choices for the lift A, and thus the difference 5 between Jq and c/^, are 
in fact parametrized by r2"+^A. 

We have thus shown that the cohomology obstructions of |B12t Theorem 4.18], 
described there in terms of the lift A, may be identified with 5n of (E3j). 
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7.8. The difference higher homotopy operation. The problem of lifting the 
nullhomotopy in (17. 7p can be stated in terms of a ladder diagram as in §4.10[ 
namely: 




» Co(V^,+2) > SV^„+2 > ■ ■ ■ 

9m I I 

> c„+iiy. --^ z„iy. — >■■■ . 

do 

This in turn can be recast as a special instance of rectifying a suitable homotopy 
commutative diagram (compare Proposition 16. 7p . 

However, to avoid describing this diagram explicitly, we instead define a certain 

(n+2)-truncated simplicial object Y, and an attaching map dg "^^ : 5^n+3 — ^ Z„+2Y, 
which allows us to use the definitions of Section [5] verbatim, in the setting of §7.11 

We begin with the (n + l)-truncation Tn+iY, := Tn+iW,, and set Yn+2 '■= "^n+iW, 
with (ig^^ the inclusion z„+i : Z„+iF, "^ F„+i and d"^^ = for i > 0. This 
indeed constitutes an (n + 2)-truncated simplicial object, since d^'^^d^'^'^ = for 

any < i,j < n + 2. Now set Yn+s '■= Vn+2 and let c/q""''^ = 5, which lands in 
Zn+iV, = Yn+2 = C„+2^. by construction. However, since Z„+2^. = (since 
dQ"*"^ is monic) it follows that 5 = if and only if it factors through Z„+2^»- Note 
that (ip^^ o (Jq "■''^ = in+i °^ is null-homotopic, since in+i o rfg and in+i ° ^ both 
realize (ij"+^ : G„+2 ^ a+iC, by (O]). _ 

Thus the (n + 2)-truncated simplicial object r„+2y,, together with F„+3 and 

Jq ""^^ , satisfies the assumptions of §4.H and we may therefore apply the constructions 
of Section [5] to make the following: 

7.9. Definition. In the setting of §7.H the higher homotopy operation difference 
obstruction associated to Jg ^^^1 df^ is defined to be the subset of [S"+^F„+3, Yq] = 
[S"+iF„+2,Vo] associated as in gElo] to F.. We denote this subset by ((<,4))- 



Note that the source is suspended once further than in the existence case. Thus, 
the correspondence homomorphism yields a map Gn+2 ~^ r2"'*"^A, which represents 
a cohomology class in if""''^(A, fi^+^A), with coefficient module determined by the 
target in Proposition 12.41 

7.10. Proposition. In the setting of ^7.1\ the difference obstruction {{dQ,d^)) always 
has a minimal value, so it is well defined (and non-empty). It vanishes if and only if 

Proof. Corollary 16.91 applies here, too, so ((Jq; d^)) has a minimal value. Combining 
Proposition 16.71 with Proposition 14.141 for Y,, we see that vanishing of some value 
implies that 6 can be chosen to factor through Z„+2Y. = 0. Consequently [6] = 0, 
so Jg~4. Hence W'^^ ~ W^^ D 

The proof of Theorem 16.111 transfers word for word to our setting to show: 

7.11. Theorem. The correspondence homomorphism $„(Y,) maps a minimal value 
of (( Jg, cU^)) to the Andre-Quillen difference obstruction between the two realizations 
of A. 
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7.12. Remark. The rectification problem of §7.81 is somewliat unsatisfactory, in that 
the truncated simplicial object Y, which we are trying to rectify does not consist 
solely of "wedges of spheres" (objects in Ma) in each simplicial dimension, so that 
(unlike the existence obstructions of §5.20p the higher homotopy operation of §7.91 
cannot be described in terms of Ilji-Alg. 

However, sM. is a pointed simplicial category in the sense of |Q1[ II, §1], and for 
any AeM we have an object S"" AA := (S"'(8)/l)/({pt}(8) A) in sM (having A 
in dimension n and * below), with a natural bijection between lasiPgj^^S^^^ AA, W,) 
and rmipj^{A, Zn+iW,). Therefore, 5 ~ * in Proposition [73] - or equivalently. 






d'kr^d?,: V. 



n+2 



— !■ 7jn+iW, - if and only if the diagram: 



(7.13) 



^"+^ A V. 



n+2 




homotopy commutes (i.e., the corresponding maps dg and dp are homotopic in 
sM). Thus the vanishing of the higher homotopy operation ((Jq, J^)) is equivalent 
to rectifying the diagram (I7.13p . whose entries are all in M.^. 

7.14. The geometric correspondence homomorphisni. 

In the setting of §7.11 assume that we have changed the two maps dp and d\ 
in (I7.13P into cofibrations, so that we have cofibration sequences: 



^ d 



S^^'AVn,2 ^ W, ->sk„,2K<*> 



(t = a, h) 



in sM (cj. [QT[ I, §2]). 

If dg ~ dp, we have the solid homotopy-commutative diagram with vertical weak 
equivalences: 



5"+i A \/„ , 2 >- 



(7.15) 



S^^' A V^+2 >- 



< 



-^W, 



^W. 



-^ sk„ , 2 v: 



(a) 



-^ sk„ , 2 v: 



{b) 



inducing the dotted weak equivalence 0. 

In general, since homotopy colimits preserve weak equivalences and commute with 
each other, applying hocolim to the top row of (I7.15P yields a horizontal homotopy 
cofibration sequence: 



^n+ly 



n+2 



hocoliin(i''dQ) 



->■ hocolim W, — 

J hocolim «'' 

hocolim sk„+2 V, 



(fe> 



hocolim i" /^\ 

^ hocolim sk„_|_2 V, 



because hocolim(S'"+^ A Vn+2) — S""'"^V^„+2 by construction. 

Note that g exists (making the diagram commute up to homotopy) if and only if 

hocolim(2^dQ) is zero. A sufficient (but not necessary) condition 



the class 9 



n+2 •" 
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for this to happen is that the left square in f l7.15p commutes up to homotopy (in 
which case ^f := hocohnic/) is a weak equivalence). 



Therefore, we can think of 6„+2 i^ 



S''+V„+2, hocolim sk„+2 v.* 



(b) 



as the 



W =V cl. . U/ =V cl. _ T/W 



obstruction to extending the weak equivalence sk^+i V, ^ sk„+i W, ^ sk„+i V, 
to a weak equivalence sk„+2 V, — )■ skn+2 V, . 

Now assume that we have two full simplicial realizations V, and V, of 
G, — 7- A in sAi, and that the two associated realizations X^*) := JV, of A in 
A^ (cf. §1.15p are given by hocolim V, . In this case, we can think of the filtrations 
S'nX'^*) := hocolim sk„Vi {n > 0) as successive approximations to the objects 

X^^\ where each inclusion sk„ K "^ V, induces a map jn '■ 3^nX^^^ — )■ X^^\ 
Moreover, the resulting sequence of obstructions are just traditional "higher Toda 
brackets" (cf. [W]) appearing in trying to extend the inclusion of hocolim sko V^, = 
Wq into hocolim sko V, . There is also an "inverse" obstruction 0^+2 i^ 
E"'"'"^V„_i_2, hocolim sk„_|_2 K . Note that one vanishes if and only if the other 
does. 

Considering 6^2 ^s an element in (r2"+^7r;^5'„+2-^*^*''){^n+2}, and applying 
{jn )# to Qn+2 yields a class in: 

(f]"+V:fx(^)){F„+2} = (fi"+^A){F„+2} = Homn,_yii,(G„+2, f^"+'A) . 

The procedure defined above should therefore be thought of as a "geometric version" 
of the correspondence homomorphism $„(y,) of §6.31 applied to a minimal value of 
K,4)): 

To see this, we specialize to the case where A^ = 5* and A = {S^}. In this case 
the simplicial sets J'nX^^^ := hocolim sk„V, are indeed successive approximations 
to X^^\ since from (14. 3 p and the Bousfield-Friedlander spectral sequence (cf. |BFt 
Theorem B.5]), we see that vr^J'nX agrees with A through dimension n (and in 
fact much more is true: see [BBll §10]). 

Moreover, we can use the description of the i^^+^-term of the spectral sequence for 
sk„+i V, in |BB2t §3] (combined with |DKSt2l §8.4]) to see that the minimal value 
for the higher homotopy operation (((Jq, d^)) is defined precisely when the differential 
(i"+i vanishes on the element in -E^+2* represented hj 6 G i'^fCn+i){Vn+2} = 
E^^2*- In this case [6] lifts to CqW, = Wq, and post-composing with the structure 
map Wq — )■ hocolim skn+i V, yields (one value for) 6„]_2 ^s constructed above. 

8. An application to rational homotopy 

Let Ai = Cq be the category of reduced differential graded Lie algebras (DGLs) 
over Q - a model for the rational homotopy theory of simply-connected pointed 
spaces (cf. |Q2[ §4]). If we let our collection A of homotopy cogroup objects consist of 
the rational DGL 2-sphere Sq in Cq, we see that a Ilyi-algebra is just a connected 
graded Lie algebra over Q. Note the shift in dimension, due to the fact that we use 
TT^{QX]Q) as the homotopy Il^i-algebra of Xq, so we have Samelson products, 
which respect the grading of 7r*(f2X; Q), rather than Whitehead products. 

By Hilton's theorem (cf. |Hil[ Theorem A]), if VT is a wedge of rational spheres of 
dimension > 2, F := 7t^:{QW] Q) is a free Lie algebra, so F is (intrinsically) coformal 
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- that is, r, equipped with zero differentials, is itself a minimal DGL model for Wq. 
Moreover, no higher ^-homotopy operations exist in tt^:{QW;Q), because no non- 
trivial rational homotopies exist for maps between (fibrant and cofibrant) DGLs with 
zero differential. 

Thus any free simplicial Hyi-algebra resolution G, — )■ A of a rational H-algebra 
A is canonically realizable by a (strict) simplicial DGL W, G sCq, whose geometric 
realization \\W,\\ is the coformal realization of A (unique up to weak equivalence in 
M). 

Since this W, is coformal in each simplicial dimension, all (higher) homotopies 
used to define all values of the existence obstruction ((\E'q"'"^)) based on the (n + 1)- 
truncation of W,, for any n > 1, necessarily vanish. In particular, this will hold for 
any of the minimal values (which exist by Corollary 16.91) . In light of Theorem I6.1H 
this implies: 

8.1. Proposition. If M. = Cq, A := {5'q}, and A G IlA-Alg, all the Andre- 
Quillen obstructions /3„ to realizing A vanish (for one branch of the inductive 
procedure in §5'.^)) . 

Of course, by Corollaries 15.231 and I6.12[ this implies in turn Quillen's corollary to 



Q2 Theorem 1], stating that any simply-connected rational H-algebra A is realizable. 

8.2. Remark. Note that if we replace W, by a weakly equivalent Reedy fibrant 
simplicial object W^, the differentials in each DGL Wi need no longer vanish; so 
we cannot apply the above argument (for the vanishing of the higher homotopy op- 
erations) to calculating the cocycle representing the cohomology obstruction directly. 
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